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Background

@ Operad theory emerged as an efficient tool in algebraic topology in
the 1960s, and was revived in the 1990s in the development of
deformation theory and quantum field theory. It focuses on the
universal operations performed on a given type of algebras [LV12].
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Background

@ Operad theory emerged as an efficient tool in algebraic topology in
the 1960s, and was revived in the 1990s in the development of
deformation theory and quantum field theory. It focuses on the
universal operations performed on a given type of algebras [LV12].

@ Free objects of various algebras (operads) ~» Hopf algebras

e dendriform operad

~v» the Foissy-Holtkamp Hopf algebra of rooted trees [Fo02]
= the Loday-Ronco Hopf algebra of planar binary trees [LR98]

o tridendriform operad ~» the Loday Hopf algebra of planar trees
e zinbiel operad ~» the shuffle algebra
e commutative tridendriform operad (CTD) ~» the quasi-shuffle algebra

o B..-operad ~» B.-algebra (i.e. cofree Hopf algebras) [LRO6]
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Loday showed that a binary quadratic regular operad with a so-called
coherent unit action (CUA) endows a natural Hopf algebra structure
on its free objects [Lo04].

Holtkamp further generalized this work to regular operads [Hol06].

Similar results hold for the corresponding algebraic structures with
certain commutativity [Lo07].

A characterization and classification were achieved for binary
quadratic regular operads with a CUA [EGO07].
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@ Motivated by studying quantum groups, Rosso, Jian-Rosso(-Zhang)
obtained quantum (quasi-)shuffle algebras and generally quantum
multi-brace algebras respectively [Ro98, JRZ10, JR12].
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@ Motivated by studying quantum groups, Rosso, Jian-Rosso(-Zhang)
obtained quantum (quasi-)shuffle algebras and generally quantum
multi-brace algebras respectively [Ro98, JRZ10, JR12].

@ Initiated from the work of Connes-Kreimer on renormalization of
quantum field theory, the braided construction of the Hopf algebra of
planar rooted trees was given by Foissy [Fo03].
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Motivated by studying quantum groups, Rosso, Jian-Rosso(-Zhang)
obtained quantum (quasi-)shuffle algebras and generally quantum
multi-brace algebras respectively [Ro98, JRZ10, JR12].

Initiated from the work of Connes-Kreimer on renormalization of
quantum field theory, the braided construction of the Hopf algebra of
planar rooted trees was given by Foissy [Fo03].

Recently, braided structures for Rota-Baxter algebras, dendriform
algebras and tridendriform algebras have attracted attention

[J13, GL19, GL20]. There again the free objects can be equipped
with braided Hopf algebra structures.
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@ We explore a uniform approach in the context of braided operads
introduced by Fiedorowicz [Fi92] to produce braided Hopf algebras.
@ Related work:

(1) L. Guo, Y. Li, Braided Rota-Baxter algebras, quantum quasi-shuffle
algebras and braided dendriform algebras, arXiv:1901.02843, online
ready at J. Algebra Appl.

(2) L. Guo, Y. Li, Braided dendriform and tridendriform algebras and
braided Hopf algebras of planar trees, J. Algebraic Combin. 53 (2021),
1147-1185.

(3) L. Guo, Y. Li, Coherent unit actions on braided operads and Hopf
algebras, Hopf Algebras, Tensor Categories and Related Topics,
137-151, Contemp. Math. 771, Amer. Math. Soc., RI, 2021.
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@ k: a ground field of characteristic 0. All linear objects are taken over k.
@ S,: the n-th symmetric group. So =0, S, = {(s1,...,8,—1) forn > 1.
@ B,: the n-th braid group. By =0, B, = {(b1,...,b,—1) forn > 1.
@ braided vector space (BVS) (V,o): a vector space V with
Yang-Baxter operator o € End(V®?) satisfying
(oc®idy)(idy ® o)(o®1dy) = (idy ® o)(o ® idy)(idy ® o).
o f:(V,0) » (V',0’)is a homomorphism of braided vector spaces,
if f®f)o=d({f).

@ BV: the category of braided vector spaces.
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Braided Hopf algebras

@ BVS (V,0) ~ B,-module V®*", n > 1, with b; acting on V®" as
o =id®* "V eoeid®" !, 1<i<n-1.
@ (V,o) ~ (T(V),B) ~ (V¥ Bun), n20.
@ braided (unital) algebra (A, u, u, 0):
(u®ldg)oro; =o(dga@u), (Idg®u)oi0s = o(u®Idy).

ocu®ldy) =1dg®u, oc(lds®u)=u®Ids.
@ braided coalgebra (C, A, ¢, 0):
g102(A®1de) = (Ide ® A)a, or01(Ide ® A) = (A® 1de)o,
(e®Ide)o =1de = (Ide ® )0
@ braided bialgebra (B, u, u, A, €, 0): braided algebra and coalgebra s.t.
Ap=ueuwo(A®A).
braided Hopf algebra (H, i, u, A, €, S, 0): braided bialgebra with
antipode S.
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Braided operad

Recall the notion of braided operads originally introduced by Fiedorowicz.

Definition
A braided (algebraic) operad is a functor £ : BY — BV equipped with
natural transformations

y:PoP —>P, n:idgy > P

s.t. £(0) =0and
PoP)oP ——>PoPoP) =2 PoP | idgy 0P e PoP <22 Poidpy
Lindp ly \L’/
Pop ! P P

A morphism of braided operads between (P, yp, 7p) and (@, vq,nq) is a

natural transformation a : $ - @, s.t. yg o (¢, @) = @ o yp and ng = @ o np.
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@ B-module: a family M = {M(n)},>0 of right B,,-modules M(n).
A morphism of B-modules f : M — N is a family of homomorphisms
of B,,-modules f,, : M(n) — N(n).

@ Given any (V, o) € BV, one can define
PV) = P P @z, VO,
n>0

with its Yang-Baxter operator

TP, ) ® (V1)) = Y (VL V) ® (),

for any (u,u1,...,u;) € P() @, V¥ and (v, v1,...,v)) € P(j) &g, V¥,
when

Biiu1 ® - @ui®v; @ - - @vj) ::Zv’l®---®v]’@u'l®---®u'-.

1
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@ A braided operad ¥ consists of a B-module {P(n)},>0, with the
composition maps

V(... 0) PRSP Q- @P(iy) = P(iy + -+ +ip)

and the unit map n : k — P(1) satisfying the associativity, the unity
conditions, and also certain equivalent conditions :

YWbiprs - i) = Y W11y - - M1 )DL - -5 T,
YW H1CLs + v fikCr) = Y5 (1 s g )(C1 X X Cp).
@ P(n): the space of n-ary operations.
@ braided regular operad (BRO):
Pn) =P, @k[B,l.n20 w PV)= (PP oV

n=0
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Algebras over braided operads

@ algebra over # or P-algebra A: a BVS with a homomorphism
04 : P(A) — A of BVS s.t.
P(6a)

(PoP)A) ——= P(PA) —=PA), A L PA) .
P(A) < A A
A morphism of P-algebras ¢ : A — B is a homomorphism of BVS
s.t. b4 = OP(p).
@ the free P-algebra generated by a BVS V is given by (P(V), yy) with
ny: V- PWV),s.t ¥

V——

nvl .
ST

P(V)
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Example
A dendriform algebra D is a vector space with binary operators <, > s.t.

(a<b)y<c=a<b<c+b>o),
(a>b)y<c=a>b<c),
a>b>c)y=(@<b+a>>b)>c.
Intrinsically, any dendriform algebra is an algebra over the BRO (Pyp, v, )
generated by Pp 1 = ki, Pp2 = k < @k >, with relations
Y <D =<5 <+ >),
Y5> D) =y 1, <),
vy 1,>) =y < + >, 1),
YLD =<,y 1) =>,

Y <) =<, y(;>) =>.
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@ A braided dendriform algebra defined in [GL19] is a BVS (D, o)
endowed with the dendriform algebra structure (<,>) on V s.t.

o(Idp® <) = (< ®ldp)or0y, (< ®Idp) = (Idp® <)o 1072,
o(Idp® >) = (> ®ldp)or01, o> ®Ildp) = (Idp® >)o107.
@ The map 6p : Pp(D) — D is a homomorphism of BVS.
g@® b <c)) =0(p6p),a)® (<,b,c))
= (Op ® Op)op, (L, a) & (<, b,c) = Y (' <)@ d,
so o(Idp® <) = (< ®Idp)o,0. Other conditions are similar to check.
Braided dendriform algebras are interpreted as braided $y-algebras.

@ The free Pyp-algebra over (V, o) is the free braided dendriform
algebra, realized as the braided analogue of the Loday-Ronco
algebra of planar binary rooted trees [GL20].
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A tridendriform algebra T is a vector space with binary operators <, >, * s.t.
(a<b)y<c=a<b<c+b>c+ bxc),
(a>b)y<c=a>(b<co),
a>b>c)=(a<b+a>b+ axb)>c,
(axb)y<c=ax(b<c),

(a<b)xc=ax*b>c),
(a>b)yxc=a> (b=c),

(axb)xc=ax=(b=*c),

Intrinsically, tridendriform algebras are algebras over the BRO (P, v, I)
generated by P71 = kI, P72 = k < &k > &k *, with several relations.
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@ A braided tridendriform algebra [GL20], denoted (7, <, >, *,0) is a
BVS (T, o) endowed with a tridendriform algebra structure (<, >, *) s.t.

o(Id7® <) = (< Qldy)or0q, o(<ldy) = (Idr® <)oo,

o(ld7® >) = (> ®ldr)oro1, o> Qldr) = (ldr® >)o102,

o(dr ® %) = (x® Idy)op01, o(*®Idy) = (Id7 ® *)o107;.
@ Braided tridendriform algebras are exactly braided #s-algebras due
to the fact that the map 87 : P+(T) — T is a homomorphism of BVS.

@ The free Ps-algebra over a BVS (V, o) is the free braided
tridendriform algebra, constructed as the braided analogue of the
Loday-Ronco algebra of planar rooted trees[GL20].
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Coherent unit action

@ %: braided operad with (1) = kl, 7: a 0-ary element added to # s.t.
o {P(i), i>1,
k7, i=0.
@ A unit action on (P, y,1) is a partial extension of y on £’ with
Yty .. i) P R)QP ()@ @P (i) = P'(i1 + -+ + ix)
defined foralli; > Owithj=1,...,kand i; +---+ i > 0if k > 2.
@ For y(1,0) and y(0, 1) in the regular case, da,8 : P> — k s.t.
Y@ LI) = e, yI,1)=pwl, YueP:.
@ AT =Kk ® A, called a unitary P-algebra, with structure map

Os+ : P'(AY) —> AT extending 6, by sending 7 € P’ (0)to 1 € A™.
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Definition
For any BRO (P, v, I) generated by operation sets My C P, k > 2, with a
unit action, suppose there are operations x, € #;, for all n > 0 satisfying
ith
vy, o, Ty ])=%,-1, 1 <i<n,
Yk I, 1) = y(ko3 1, 1) = 1.
Particularly, xo = Z, x; = I and a(x,) = B(x3) = 1. Further extend y by

ntimes

—
ykp3 Ly, D) =1.
In this case, such a unit action is called coherent (CUA), if

ARB=(A®K)®(k®B)®(A®B)

is again a P-algebra defined as below for any two $-algebras A and B.
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Foranyp e M,,a; € AT and b; € B*, 1 <i < nwithn > 2,
pla; ®by,...,a,by,)
2 *u(ay,...,a,)®pby,...,b,), ifatleastoneb; € B,
=1plag,...,a,)®1, ifall b; = 1, p(ay,...,a,) is defined,
undefined, otherwise,

defines the structure map 64xp of A ® B as a P-algebra.
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@ #: a BRO equipped with a CUA,
A*: aunitary P-algebra. Consider AT @ A" = (A= A)*. Let
A:A" > (ARA) =2AT®A"
be a coassociative linear map, s.t. A(1) = 1®1.
@ P-bialgebra: (A*, 04+, A) with A a morphism of unitary P-algebras.
connected graded $-Hopf algebra: A* = (P A" s.t. A© =k,

n
AAM) ¢ ZA“) Q@AM >0,
i=0

IR

Let P be a BRO equipped with a CUA and A* = P(V)* the free unitary
P-algebra generated by a BVS V.

The coassociative morphism of P-algebras A, : A* — AT ® A* defined by

AMx)=x®1+1®x, VxeV,

induces a connected graded P-bialgebra, thus a braided Hopf algebra A*.
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@ The dendriform operad Py has a CUA with %, =< + >, thus Pp(V)*
is a connected graded Py-Hopf algebra. Similar for £g-.
@ The braided Hopf algebra structures of free braided (tri)dendriform

algebras, namely, the braided analogue of the Loday-Ronco Hopf
algebra of planar (binary) rooted trees in [GL20] are recovered.
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@ The dendriform operad Py has a CUA with %, =< + >, thus Pp(V)*
is a connected graded Pyp-Hopf algebra. Similar for Pg-.
@ The braided Hopf algebra structures of free braided (tri)dendriform

algebras, namely, the braided analogue of the Loday-Ronco Hopf
algebra of planar (binary) rooted trees in [GL20] are recovered.

| A\

Problem
Generalize to other braided (symmetric) operads:

@ braided zinbiel operad ~» the quantum shuffle algebra??

@ braided CTD operad ~» the quantum quasi-shuffle algebra??

@ the Connes-Kremier Hopf algebra of rooted trees ~» BHA ??

Yunnan Li (GZHU) braided operads and Hopf algebras 21/24



Reference

[§ K. Ebrahimi-Fard, L. Guo, Coherent unit actions on operads and Hopf
algebras, Theory Appl. Categ. 18 (2007), 348-371.

[@ Z. Fiedorowicz, The symmetric bar construction, Preprint,
http://www.math.ohio-state.edu/~fiedorow/, 1992.

[@ L. Foissy, Les algébres de Hopf des arbres enracinés décorés. I, |,
Bull. Sci. Math. 126 (2002), 193-239, 249-288.

[@ L. Foissy, Quantifications des algébres de Hopf d’arbres plans
décorés et lien avec les groupes quantiques, Bull. Sci. Math. 127
(2003), 505-548.

[@ L. Guo, Y. Li, Braided Rota-Baxter algebras, quantum quasi-shuffle
algebras and braided dendriform algebras, arXiv:1901.02843, online
ready at J. Algebra Appl.

Yunnan Li (GZHU) braided operads and Hopf algebras 22/24


http://www.math.ohio-state.edu/~fiedorow/

[

) & W W

L. Guo, Y. Li, Braided dendriform and tridendriform algebras and

braided Hopf algebras of planar trees, J. Algebraic Combin. 53 (2021),

1147-1185.

L. Guo, Y. Li, Coherent unit actions on braided operads and Hopf
algebras, Hopf Algebras, Tensor Categories and Related Topics,
137-151, Contemp. Math. 771, Amer. Math. Soc., Rl, 2021.

R. Holtkamp, On Hopf algebra structures over operads, Adv. Math.

207 (2006), 544-565.

R.-Q. Jian, From quantum quasi-shuffle algebras to braided
Rota-Baxter algebras, Lett. Math. Phys. 103 (2013), 851-863.

R.-Q. Jian, M. Rosso, Braided cofree Hopf algebras and quantum

multi-brace algebras, J. Reine Angew. Math. 667 (2012), 193—220.

R.-Q. Jian, M. Rosso, J. Zhang, Quantum quasi-shuffle algebras, Lett.

Math. Phys. 92 (2010), 1-16.

Yunnan Li (GZHU) braided operads and Hopf algebras

23/24



[
[

) & W =

J.-L. Loday, On the algebra of quasi-shuffles, Manuscripta
Mathematica 123 (2007), 79-93.

J.-L. Loday, Scindement d’associativité et algébres de Hopf, Actes des
Journées Mathématiques a la Mémoire de Jean Leray, Sémin. Congr.,
9 (2004), 155-172.

J.-L. Loday, M. Ronco, On the structure of cofree Hopf algebras, J.
reine angew. Math. 592 (2006), 123—155.

J.-L. Loday and M. O. Ronco, Hopf algebra of the planar binary trees,
Adv. Math. 139 (1998), 293-309.

J.-L. Loday, B. Vallette, Algebraic Operads, Grindlehren der
mathematischen Wissenschaften, 346, Springer, Heidelberg, 2012.

M. Rosso, Quantum groups and quantum shuffles, Invent. Math. 133
(1998), 399-416.

Thank You!
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