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Rota-Baxter algebras

Rota-Baxter algebras were intensively studied in probability and
combinatorics, and more recently in mathematical physics, such
as free Rota-Baxter algebras, Lie algebras, multiple zeta val-
ues, differential algebras and Connes-Kreimer renormalization
theory in quantum field theory, etc.

One can refer to Li Guo’s book for the detailed theory of Rota-
Baxter algebras.

L. Guo, An introduction to Rota-Baxter algebra. Surveys of Mod-
ern Mathematics, 4. International Press, Somerville, MA; Higher
Education Press, Beijing, 2012. xii+226 pp. (Google Scholar Ci-
tations: 193 times)

MSC2020: 17B38 Yang-Baxter equations and Rota-Baxter op-
erators
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Rota-Baxter algebras
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L. Liu, A. Makhlouf, C. Menini, F. Panaite, BiHom-pre-Lie
algebras, BiHom-Leibniz algebras and RotaõBaxter oper-
ators on BiHom-Lie algebras. Georgian Math. J. 28 (2021),
no. 4, 581õ594.
X. Gao, L. Guo, Y. Zhang, Commutative matching Rota-
Baxter operators, shuffle products with decorations and match-
ing Zinbiel algebras. J. Algebra 586 (2021), 402õ432.
L. Guo, H. L. Lang, Y. H. Sheng, Integration and geometriza-
tion of Rota-Baxter Lie algebras. Adv. Math. 387 (2021),
Paper No. 107834, 34 pp.
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Rota-Baxter algebras

M. Goncharov, Rota-Baxter operators on cocommutative Hopf
algebras. J. Algebra 582 (2021), 39õ56.
T. S. Ma, A. Makhlouf, S. Silvestrov, Rota-Baxter cosystems
and coquasitriangular mixed bialgebras. J. Algebra Appl.
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No. 32, 32 pp.
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Rota-Baxter algebras

A. Lazarev, Y. H. Sheng, R. Tang, Deformations and Homo-
topy Theory of Relative Rota-Baxter Lie Algebras. Comm.
Math. Phys. 383 (2021), 595õ631.
R. Tang, S. Hou, Y. H. Sheng, Lie 3-algebras and deforma-
tions of relative Rota-Baxter operators on 3-Lie algebras. J.
Algebra 567 (2021), 37õ62.
V. Gubarev, Monomial Rota-Baxter operators on free com-
mutative non-unital algebra. Sib. Élektron. Mat. Izv. 17
(2020), 1052õ1063.
J. W. Wang, Y. Y. Zhang, Z. C. Zhu, D. Chen, Free nonuni-
tary Rota-Baxter family algebras and typed leaf-spaced dec-
orated planar rooted forests. Open Math. 18 (2020), 1173õ1184.
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Rota-Baxter algebras

L. L. Liu, S. H. Wang, Rota-Baxter H-operators and pre-Lie
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Linear Multilinear Algebra 68 (2020), 2170õ2184.
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Rota-Baxter coalgebras and bialgebras

Based on dual method, Rota-Baxter coalgebras and bialgebras
were introduced. We note here the examples can be provided
by the well-known Radford biproduct playing a central role in the
classification of finite dimensional pointed Hopf algebras.

K. Ebrahimi-Fard, Rota-Baxter algebras and the Hopf al-
gebra of renormalization. Ph, D. Thesis, Bonn University,
2006.
R. Q. Jian and J. Zhang, Rota-Baxter coalgebras,
arXiv:1409.3052. (Google Scholar Citations: 17 times)
T. S. Ma and L. L. Liu, Rota-Baxter coalgebras and Rota-
Baxter bialgebras. Linear Multilinear Algebra 64 (2016),
968-979.
T. S. Ma, J. Li and H. Y. Yang, Rota-Baxter bialgebras aris-
ing from (co-)quasi-idempotent elements. Hacettepe J. Math.
Stat. 50 (2021), 216-223.
...
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Rota-Baxter family algebras

As a generalization of Rota-Baxter algebras, Rota-Baxter fam-
ily algebras arising naturally in renormalization of quantum field
theory were introduced by Ebrahimi-Fard, Gracia-Bondia and
Patras and proposed by Guo.

K. Ebrahimi-Fard, J. Gracia-Bondia and F. Patras, A Lie the-
oretic approach to renormalization. Comm. Math. Phys.
276 (2007), 519-549. (Google Scholar Citations: 71 times)
Y. Y. Zhang and X. Gao, Free Rota-Baxter family algebras
and (tri)dendriform family algebras. Pacific J. Math. 301
(2019), 741-776.
Y. Y. Zhang, X. Gao and D. Manchon, Free (tri)dendriform
family algebras. J. Algebra 547 (2020), 456-493.
Y. Y. Zhang and D. Manchon, Free pre-Lie family algebras.
arXiv:2003.00917.
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Rota-Baxter family algebras

L. Foissy, D. Manchon and Y. Y. Zhang, Families of algebraic
structures, arXiv:2005.05116
M. Aguiar, Dendriform algebras relative to a semigroup. SIGMA
Symmetry Integrability Geom. Methods Appl. 16 (2020),
Paper No. 066, 15 pp.
...
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Hopf group (co)algebras

The notion of (semi-)Hopf group (co)algebra was introduced by
Turaev partly for reasons of homotopy field theory, which also
can be used to develop certain invariants of principal π-bundles
over link complements and over 3-manifolds. Examples of (crossed)
π-categories can be constructed from Turaev’s Hopf group-coalgebras
(abbr. Hopf T-coalgebras): the category of representations of a
(crossed) Hopf T-coalgebra is a (crossed) π-category. When π
is abelian, a Hopf T-(co)algebra is a π-colored Hopf algebra due
to Ohtsuki.

V.G. Turaev, Homotopy field theory in dimension 3 and crossed
group-categories, preprint GT/0005291.(Google Scholar Ci-
tations: 220 times)
V. G. Turaev, Homotopy quantum field theory. Appendix 5
by M. Müger and Appendices 6 and 7 by A. Virelizier. EMS
Tracts in Mathematics, 10. European Mathematical Society
(EMS), Zürich, 2010. xiv+276 pp.
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Hopf group (co)algebras

A. Virelizier, Hopf group-coalgebras. J. Pure Appl. Algebra
171 (2002), 75-122. (Google Scholar Citations: 190 times)
M. Buckleya, T. Fieremansb, C. Vasilakopoulouc and J. Ver-
cruysse, A Larson-Sweedler theorem for Hopf V-categories.
Adv. Math. 376 (2021), 107456.
N. P. Ha, Modified trace from pivotal Hopf G-coalgebras. J.
Pure Appl. Algebra 224(2020), 106225.
D. D. Yan, S. H. Wang, Drinfel’d construction for Hom-Hopf
T-coalgebras. Internat. J. Math. 31 (2020), 2050058, 31 pp.
...
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Hopf group (co)algebras

T. S. Ma, H. Y. Li and S. X. Xu, Construction of a braided
monoidal category for Brzezinski crossed coproducts of Hopf
π-algebras. Colloq. Math.149(2) (2017), 309-323.
T. S. Ma, L.L. Liu and H. Y. Li, A class of braided monoidal
categories via quasitriangular Hopf π-crossed coproduct al-
gebras. J. Algebra Appl. 14(2) (2015): 1550010 (19 pages).
T. S. Ma, H. Y. Li and Z. C. Zhang, Two results on Brzezin-
ski π-crossed product. Comm. Algebra 42(5)(2014), 2082-
2098.
T. S. Ma and Y. N. Song, Hopf π-crossed biproduct and
related coquasitriangular structures. Rend. Semin. Mat.
Univ. Padova 130(2013), 127-145.
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Rota-Baxter (co)algebra

Definition 1.1
Let λ ∈ K. A Rota-Baxter algebra of weight λ is an algebra A
together with a linear map R : A −→ A such that

R(a)R(b) = R(aR(b)) + R(R(a)b) + λR(ab)

for all a, b ∈ A. Such a linear operator is called a Rota-Baxter
operator of weight λ on A.

Definition 1.2
Let γ ∈ K. A pair (C,Q) is called a Rota-Baxter coalgebra of
weight γ if C is a coalgebra and linear map Q : C→ C satisfies

(Q⊗ Q)∆ = (id ⊗ Q)∆Q + (Q⊗ id)∆Q + γ∆Q.

The map Q is called a Rota-Baxter cooperator of weight γ on
C. 17 / 130
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Rota-Baxter bialgebra

Definition 1.3
Let λ, γ be elements in K and H a bialgebra (maybe without
unit and counit). A triple (H,R,Q) is called a (R,Q)-Rota-Baxter
bialgebra of weight (λ, γ) if (H,R) is a Rota-Baxter algebra of
weight λ and (H,Q) is a Rota-Baxter coalgebra of weight γ.
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Rota-Baxter family algebra

Definition 1.4
A Rota-Baxter family algebra of weight λ is a pair
(A, {Rϕ}ϕ∈π) where π is a semigroup, A is an associative algebra
and {Rϕ : A −→ A}ϕ∈π is a family of linear operators such that

Rp(a)Rq(b) = Rpq(Rp(a)b + aRq(b) + λab),∀ a, b ∈ A, p, q ∈ π. (1)

Remark 1.1
What we emphasize here is that the linear maps {Rϕ}ϕ∈π are
only on one linear space A.
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Rota-Baxter T-algebra

Definition 2.1

Let π be a semigroup and λ ∈ K. A Rota-Baxter T-algebra of
weight λ is a quadruple ({Aϕ}ϕ∈π, {µp,q}p,q∈π, {Rϕ}ϕ∈π, λ) (abbr.
(A,R)), where {Aϕ}ϕ∈π is a family of vector spaces together with
a family of linear maps {µp,q : Ap⊗Aq −→ Apq}p,q∈π (write µp,q(a⊗
b) = a ·p,q b) and a family of linear maps {Rϕ : Aϕ −→ Aϕ}ϕ∈π
such that

µpq,t ◦ (µp,q ⊗ idAt) = µp,qt ◦ (idAp ⊗ µq,t) (2)

and

µp,q ◦ (Rp ⊗ Rq) = Rpq ◦ µp,q ◦ (Rp ⊗ idq + idp ⊗ Rq + λidp ⊗ idq). (3)

for all p, q, t ∈ π.
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Rota-Baxter T-algebra

If furthermore π is a monoid (i.e., a semigroup with a unit 1) and
there is a linear map η : K −→ A1 such that

µp,1 ◦ (idAp ⊗ η) = idAp = µ1,p ◦ (η ⊗ idAp), (4)

then we call Rota-Baxter T-algebra (A,R) unital.
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Rota-Baxter T-algebra

Remark 2.2

(1) If the semigroup π contains single element 1, then the Rota-
Baxter T-algebra is exactly the Rota-Baxter algebra of weight λ.
(2) If (A, µ, η) is an associative algebra, then Rota-Baxter T-
algebra ({Aϕ = A}, {µp,q = µ}, {Rϕ}, λ) is the Rota-Baxter fam-
ily algebra of weight λ.
(3) Eq.(2)⇔ ({Aϕ}, {µp,q}) (abbr. A) is a T-algebra.
(4) If we set {Aϕ = A}ϕ∈π, then Eq.(2) is exactly the condition
for S-relative.
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Rota-Baxter T-algebra

Rota-Baxter T-algebras can be constructed by Rota-Baxter T-
algebras in the following way.

Lemma 2.3

Let (A,R) be a Rota-Baxter T-algebra of weight λ. Define

R̃ := {R̃ϕ = −λidAϕ − Rϕ}. (5)

Then (A, R̃) is also a Rota-Baxter T-algebra of weight λ.
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Characterizations

In what follows, we provide two characterizations of Rota-Baxter
T-algebras. First we consider the Atkinson factorization [2] for
Rota-Baxter T-algebras.

Proposition 2.4

Let π be simigroup, A a T-algebra and R = {Rϕ : Aϕ −→ Aϕ} a
family of linear maps. Assume that λ ∈ K have no zero divisor in
{Aϕ}ϕ∈π and define R̃ as in Eq.(5). Then (A,R) is a Rota-Baxter
T-algebra of weight λ 6= 0 if and only if, for any a ∈ Ap, b ∈ Aq

and p, q ∈ π, there is an element c ∈ Apq such that

Rp(a) ·p,q Rq(b) = Rpq(c), R̃p(a) ·p,q R̃q(b) = −R̃pq(c).
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T-quasi-idempotency

Definition 2.5

A family of linear maps R = {Rϕ : Aϕ −→ Aϕ}ϕ∈π is called T-
idempotent if R2

ϕ = Rϕ, ∀ ϕ ∈ π. A family of linear maps R =
{Rϕ : Aϕ −→ Aϕ}ϕ∈π is called T-quasi-idempotent of weight λ
if R2

ϕ = −λRϕ,∀ ϕ ∈ π.
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T-quasi-idempotency

Proposition 2.6

Let π be a monoid, A a unital T-algebra and R = {Rϕ :
Aϕ −→ Aϕ}ϕ∈π left A-linear in the sense that Rpq(a ·p,q b) =
a ·p,q Rq(b),∀ a ∈ Ap, b ∈ Aq, p, q ∈ π. Then (A,R) is a Rota-
Baxter T-algebra of weight λ if and only if R is T-quasi-idempotent
of weight λ.

Proposition 2.7

Let (A,R) be a Rota-Baxter T-algebra of weight λ. If R is T-
idempotent, then

(1 + λ)Rpq(a ·p,q Rq(b)) = 0, (1 + λ)Rpq(Rp(a) ·p,q b) = 0,

(1 + λ)(Rp(a) ·p,q Rq(b)− λRpq(a ·p,q b)) = 0,

for all a ∈ Ap, b ∈ Aq and p, q ∈ π. 26 / 130
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Examples

We will give some concrete examples from the algebras of di-
mensions 2,3 and 4.

Let π be a nonempty set and A an algebra. We denote A[π] =
A⊗ Kπ,Aϕ = A⊗ Kϕ,∀ϕ ∈ π. If, further, π is a semigroup and
A is an algebra, then A[π] is a T-algebra with the tensor product
algebra structure, i.e.,

µp,q : Ap⊗Aq −→ A(pq)

hp⊗ gq 7−→ (hg)(pq)

for all h, g ∈ A and p, q ∈ π.
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Examples

The following result is an analogy of [3, Proposition 9.2].

Theorem 2.8

Let π be a semigroup, A an algebra and R : A −→ A a linear
map. For any ϕ ∈ π, define

Rϕ : Aϕ −→ Aϕ
hϕ 7−→ R(h)ϕ

for all h ∈ A. Then (A,R) is a Rota-Baxter algebra of weight λ if
and only if (A[π],R = {Rϕ}) is a Rota-Baxter T-algebra of weight
λ.
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Examples

Remark 2.9

By the Theorem above, we can obtain Rota-Baxter T-algebra
(A[π],R) if (A,R) is a Rota-Baxter algebra of weight λ.
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Examples

Next we provide another approach to construct Rota-Baxter T-
algebras.

Definition 2.10

Let (A,R) and (A,R′) be two Rota-Baxter algebras of weight λ.
A pair (R,R′) on A is called a Rota-Baxter pair of weight λ if
it satisfies

R(h)R′(g) = R′(R(h)g + hR′(g) + λhg), (6)
R′(h)R(g) = R′(R′(h)g + hR(g) + λhg), (7)

for all h, g ∈ A.
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Examples

Remark 2.11

(1) In particular, if (A,R) is a Rota-Baxter algebra of weight λ,
then (R,R) is also a Rota-Baxter pair of weight λ.
(2) If furthermore A is commutative, then (R,R′) is a Rota-
Baxter pair if Eq.(6) or Eq.(7) holds.
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Examples

The following Rota-Baxter operators on the algebra of dimension
2 were studied by de Bragança, by An and Bai, by Gubarev and
by Ma, Makhlouf and Silvestrov, et al.

Example 2.12 (Dimension 2)

We consider the 2-dimensional algebra A = K{u1, u2|u1 · ui =
ui · u1 = ui, i = 1, 2, u2 · u2 = u2}. Then the Rota-Baxter operators
on A of weight λ are
(a) R(u1) = −λu1, R(u2) = 0,

(b) R(u1) = 0, R(u2) = −λu2,

(c) R(u1) = −λu1, R(u2) = −λu2,

(d) R(u1) = −λu2, R(u2) = −λu2,

(e) R(u1) = −λu1, R(u2) = −λu1,
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Examples

(f) R(u1) = λu2, R(u2) = 0,

(g) R(u1) = 0, R(u2) = λu1 − λu2,

(h) R(u1) = −2λu1 + λu2, R(u2) = −λu1,

(i) R(u1) = −λu1 − λu2, R(u2) = −λu2,

(j) R(u1) = −λu1 + λu2, R(u2) = 0,

(k) R(u1) = λu1 − λu2, R(u2) = λu1 − λu2.
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Examples

Now we list some Rota-Baxter operators on the algebras of di-
mensions 3 and 4 given by Ma, Makhlouf and Silvestrov.

Example 2.13 (Dimension 3)

For the 3-dimensional algebra A = K{u1, u2, u3|u1 · ui = ui · u1 =
ui, i = 1, 2, 3, u2 · u2 = u2, u2 · u3 = u3 · u2 = u3, u3 · u3 = 0}, the
Rota-Baxter operators of weight λ on A are
(a) R(u1) = −λu1, R(u2) = 0,R(u3) = 0,

(b) R(u1) = 0, R(u2) = −λu2,R(u3) = 0,

(c) R(u1) = 0, R(u2) = 0,R(u3) = −λu3,

(d) R(u1) = −λu1, R(u2) = −λu2,R(u3) = 0,

(e) R(u1) = 0, R(u2) = −λu2,R(u3) = −λu3,

(f) R(u1) = −λu1, R(u2) = 0,R(u3) = −λu3,

(g) R(u1) = −λu1, R(u2) = −λu2,R(u3) = −λu3,
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Examples

(h) R(u1) = −λu2, R(u2) = −λu2,R(u3) = 0,

(i) R(u1) = −λu2, R(u2) = −λu2,R(u3) = −λu3,

(j) R(u1) = λu2, R(u2) = 0,R(u3) = 0,

(k) R(u1) = λu2, R(u2) = 0,R(u3) = −λu3,

(l) R(u1) = 0, R(u2) = λu1 − λu2,R(u3) = 0,

(m) R(u1) = 0, R(u2) = λu1 − λu2,R(u3) = −λu3,

(n) R(u1) = −2λu1 + λu2, R(u2) = −λu1,R(u3) = 0,

(o) R(u1) = −2λu1 + λu2, R(u2) = −λu1,R(u3) = −λu3,

(p) R(u1) = −λu1 − λu2, R(u2) = −λu2,R(u3) = 0,

(q) R(u1) = −λu1 − λu2, R(u2) = −λu2,R(u3) = −λu3,

(r) R(u1) = −λu1 + λu2, R(u2) = 0,R(u3) = 0,

(s) R(u1) = −λu1 + λu2, R(u2) = 0,R(u3) = −λu3,
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(t) R(u1) = −λu1, R(u2) = −λu1,R(u3) = 0,

(u) R(u1) = −λu1, R(u2) = −λu1,R(u3) = −λu3,

(v) R(u1) = λu1 − λu2, R(u2) = λu1 − λu2,R(u3) = 0,

(w) R(u1) = λu1 − λu2, R(u2) = λu1 − λu2,R(u3) = −λu3.
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Example 2.14 (Dimension 4)

For the Taft-Sweedler algebra A = T2 = K{u1 = 1, u2 = g, u3 =
x, u4 = gx|g2 = 1, x2 = 0, xg = −gx}, its multiplication can be
given by the following table.

· u1 u2 u3 u4

u1 u1 u2 u3 u4

u2 u2 u1 u4 u3

u3 u3 −u4 0 0
u4 u4 −u3 0 0

.
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The Rota-Baxter operators on A of weight λ are given by
(a) R(u1) = 0, R(u2) = 0,R(u3) = −λu3, R(u4) = −λu4,

(b) R(u1) = −λu1, R(u2) = −λu2,R(u3) = 0, R(u4) = 0,

(c) R(u1) = −λu1, R(u2) = −λu2,R(u3) = −λu3, R(u4) =
−λu4.

(d) R(u1) = 0,
R(u2) = −p1u1 + p1u2 − (λ+p1)(λ+p1+p2)

p3
u3 + (λ+p1)(λ+p2)

p3
u4,

R(u3) = −p3u1 + p3u2 − (2λ+ p1 + p2)u3 + (λ+ p2)u4,
R(u4) = −p3u1 + p3u2 − (λ+ p1 + p2)u3 + p2u4,

(e) R(u1) = −λu1,

R(u2) = (λ+ p1)u1 + p1u2− (λ+p1)(λ+p1+p2)
p3

u3 + (λ+p1)(λ+p2)
p3

u4,

R(u3) = p3u1 + p3u2 − (2λ+ p1 + p2)u3 + (λ+ p2)u4,
R(u4) = p3u1 + p3u2 − (λ+ p1 + p2)u3 + p2u4,
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(f) R(u1) = −λu1,
R(u2) = λu1 + p1u3 + p1p2

λ+p2
u4,

R(u3) = −(λ+ p2)u3 − p2u4,
R(u4) = (λ+ p2)u3 + p2u4,

(g) R(u1) = −λu1,

R(u2) = λu1 + λ(λ+p1)
p2

u3 + λ(λ+p1)
p2

u4,

R(u3) = −p2u1 − p2u2 − (2λ+ p1)u3 − (λ+ p1)u4,
R(u4) = p2u1 + p2u2 + (λ+ p1)u3 + p1u4,

(h) R(u1) = 1
2λu1 − 1

2λu2 + p1u3 + p2u4,
R(u2) = 1

2λu1 − 1
2λu2 − p2u3 + p1u4,

R(u3) = −1
2λu3 − 1

2λu4,
R(u4) = −1

2λu3 − 1
2λu4.

39 / 130



Contents Introduction Rota-Baxter T-algebra Rota-Baxter Hopf T-(co)algebras Other T-versions Further work

Examples

On the basis of the above examples, we have

Example 2.15

Let A be the 2-dimensional algebra defined in Example 2.12.
Then

(a, c), (a, d), (a, e), (a, j), (b, c), (b, d), (b, j), (c, d), (c, g), (c, j),

(d, i), (d, j), (d, k), (e, j), (f , h), (f , j), (g, j), (h, j), (i, j), (i, k),

(c, b), (d, c), (e, a), (e, b), (e, c), (e, d), (f , c), (f , d), (g, b), (g, c),

(g, d), (h, c), (h, d), (h, f ), (i, c), (i, d), (j, c), (j, d), (j, f ), (j, h),

(k, c), (k, d), (k, i)

are the Rota-Baxter pairs (R,R′) on A of weight λ,
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where (a, c) represents (R,R′), and R,R′ take the case (a) and
case (c) respectively in Example 2.12, i.e.,

R(u1) = −λu1, R(u2) = 0, R′(u1) = −λu1, R′(u2) = −λu2.

Others are similar.
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Example 2.16

Let A be the 3-dimensional algebra defined in Example 2.13.
Then

(a, d), (a, g), (a, h), (a, i), (a, r), (a, t), (a, u), (b, d), (b, g), (b, h), (b, i),

(b, l), (b, r), (c, f ), (c, g), (c, i), (c, r), (c, s), (c, u), (d, g), (d, h), (d, i),

(d, l), (d, r), (e, g), (e, i), (e, l), (e,m), (e, r), (e, s), (e, u), (f , g), (f , i),

(f , r), (f , s), (f , u), (g, i), (g, l), (g,m), (g, r), (g, s), (g, v), (g,w), (h, i),

(h, r), (h, v), (i, q), (i, r), (i, s), (i, v), (i,w), (j, n), (j, o), (j, r), (k, o),

(k, r), (k, s), (l, r), (m, r), (m, s), (n, o), (n, r), (o, r), (o, s), (p, r), (p, v),

(q, r), (q, s), (q, v), (q,w), (t, u), (d, b), (e, c), (f , c), (g, c), (g, e), (h, d),

(h, g), (i, c), (i, g), (j, g), (j, h), (j, i), (k, c), (k, g), (k, i), (l, b), (l, d),

42 / 130



Contents Introduction Rota-Baxter T-algebra Rota-Baxter Hopf T-(co)algebras Other T-versions Further work

Examples

(l, e), (l, g), (l, h), (l, i), (m, c), (m, e), (m, g), (m, i), (m, l), (n, d), (n, g),

(n, h), (n, i), (n, j), (o, c), (o, g), (o, i), (o, k), (p, d), (p, g), (p, h), (p, i),

(q, c), (q, g), (q, i), (r, d), (r, g), (r, h), (r, i), (r, j), (r, n), (r, o), (s, c),

(s, g), (s, i), (s, k), (s, o), (s, r), (t, a), (t, d), (t, g), (t, h), (t, i), (t, r),

(u, c), (u, f ), (u, g), (u, i), (u, r), (u, s), (v, d), (v, g), (v, h), (v, i), (v, p),

(v, r), (w, c), (w, g), (w, i), (w, q), (w, r), (w, s), (w, v)

are the Rota-Baxter pairs (R,R′) on A of weight λ, where a− w
represent the cases (a)− (w) in Example 2.13.
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Example 2.17

Let A be the 4-dimensional algebra defined in Example 2.14.
Then

(a, c), (b, c), (c, a), (d, c), (e, c), (f , c), (g, c), (h, c)

are the Rota-Baxter pairs (R,R′) on A of weight λ, where a− h
represent the cases (a)− (h) in Example 2.14.

Remark 2.18
In Examples 2.15-2.17, we leave out the cases of (R,R) since it
can be seen as the special case of Theorem 2.8.
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Theorem 2.19

Let π = {1, q} be a monoid with a unit 1 and q2 = q. Assume that
(A,R) and (A,R′) are Rota-Baxter algebras of weight λ. Define

R1π : A1π −→ A1π Rq : Aq −→ Aq

h1π 7−→ R(h)1π hq 7−→ R′(h)q,

then (A[π], {Rϕ}, λ) is a Rota-Baxter T-algebra of weight λ if and
only if (R,R′) is a Rota-Baxter pair.
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According to Theorem 2.19, each Rota-Baxter pair determines
a Rota-Baxter T-algebra of weight λ, so by Examples 2.15-2.17,
we can get

Example 2.20

Let π = {1, q} be a monoid with a unit 1 and q2 = q.
(1) Let A be the 2-dimensional algebra defined in Example 2.12.
Then (A[π], {Rϕ}, λ) is a Rota-Baxter T-algebra of weight λ,
where

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q.

Other cases can be given similarly.
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(2) Let A be the 3-dimensional algebra defined in Example 2.13.
Then (A[π], {Rϕ}, λ) is a Rota-Baxter T-algebra of weight λ, where

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ 0q.

Other cases are similar.
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(3) Let A be the 4-dimensional algebra defined in Example 2.14.
Then (A[π], {Rϕ}, λ) is a Rota-Baxter T-algebra of weight λ, where

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q,

u31π 7−→ −λu31π u3q 7−→ −λu3q,

u41π 7−→ −λu41π u4q 7−→ −λu4q.

Likewise we can obtain other cases.

48 / 130



Contents Introduction Rota-Baxter T-algebra Rota-Baxter Hopf T-(co)algebras Other T-versions Further work

Rota-Baxter T-algebras, (tri)dendriform T-algebras
and T-algebras

The following diagram is commutative.

tridendriform
T-algebra

Proposition 2.29+3
KS

Proposition 2.25

T-algebrasKS

Proposition 2.29

Rota-Baxter
T-algebra

Proposition 2.25+3 dendriform
T-algebra.
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(Tri)Dendriform T-algebras

Motivated by algebraic K-theory, Loday invented the concept of
a dendriform algebra. Loday and Ronco introduced the concept
of a tridendriform algebra (previously also called a dendriform
trialgebra) in the study of polytopes and Koszul duality. We now
give the T-version.
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Dendriform T-algebra

Definition 2.21

Let π be a semigroup. A dendriform T-algebra is a family of
vector spaces {Aϕ}ϕ∈π with a family of binary operations {≺p,q

,�p,q: Ap ⊗ Aq −→ Apq}p,q∈π such that for a ∈ Ap, b ∈ Aq, c ∈ At

and p, q, t ∈ π,

(a ≺p,q b) ≺pq,t c = a ≺p,qt (b ≺q,t c + b �q,t c),

(a �p,q b) ≺pq,t c = a �p,qt (b ≺q,t c),

(a ≺p,q b + a �p,q b) �pq,t c = a �p,qt (b �q,t c).

For simplicity, we denote it by ({Aϕ}ϕ∈π, {≺p,q}p,q∈π, {�p,q}p,q∈π)
or (A,≺,�).
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Tridendriform T-algebra

Definition 2.22

Let π be a semigroup. A tridendriform T-algebra is a family of
vector spaces {Aϕ}ϕ∈π with a family of binary operations {≺p,q

,�p,q, •p,q : Ap ⊗ Aq −→ Apq}p,q∈π such that for a ∈ Ap, b ∈ Aq,
c ∈ At and p, q, t ∈ π,

(a ≺p,q b) ≺pq,t c = a ≺p,qt (b ≺q,t c + b �q,t c + b •q,t c),

(a �p,q b) ≺pq,t c = a �p,qt (b ≺q,t c),

(a ≺p,q b + a �p,q b + a •p,q b) �pq,t c = a �p,qt (b �q,t c),
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Tridendriform T-algebra

(a �p,q b) •pq,t c = a �p,qt (b •q,t c), (8)
(a ≺p,q b) •pq,t c = a •p,qt (b �q,t c), (9)
(a •p,q b) ≺pq,t c = a •p,qt (b ≺q,t c), (10)
(a •p,q b) •pq,t c = a •p,qt (b •q,t c). (11)

For simplicity, we denote it by ({Aϕ}ϕ∈π, {≺p,q}p,q∈π, {�p,q}p,q∈π,
{•p,q}p,q∈π) or (A,≺,�, •).
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Remark

Remark 2.23
(1) If π contains a single element (i.e, π is trivial), then a
(tri)dendriform T-algebra in Definition 2.21 (2.22) is exactly a
(tri)dendriform algebra.
(2) (Tri)dendriform T-algebra is different from (tri)dendriform fam-
ily algebra.
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From tridendriform T-algebras to dendriform
T-algebras

Proposition 2.24

Let (A,≺,�, •) be a tridendriform T-algebra. Then
({Aϕ}ϕ∈π, {≺′p,q}p,q∈π, {�′p,q}p,q∈π) is a dendriform T-algebra,
where the new operations {≺′p,q,�′p,q: Ap ⊗ Aq −→ Apq}p,q∈π are
defined by

a ≺′p,q b = a ≺p,q b + a •p,q b, a �′p,q b = a �p,q b

for a ∈ Ap, b ∈ Aq and p, q ∈ π.
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From Rota-Baxter T-algebras to (tri)dendriform
T-algebras

Proposition 2.25

Let π be a semigroup. (1) A Rota-Baxter T-algebra (A,R)
induces a tridendriform T-algebra ({Aϕ}ϕ∈π, {≺p,q}p,q∈π, {�p,q

}p,q∈π, {•p,q}p,q∈π), where

a ≺p,q b := a ·p,q Rq(b), a �p,q b := Rp(a) ·p,q b

a •p,q b := λa ·p,q b.

(2) A Rota-Baxter T-algebra (A,R) induces a dendriform T-
algebra ({Aϕ}ϕ∈π, {≺p,q}p,q∈π, {�p,q}p,q∈π), where

a ≺p,q b := a ·p,q Rq(b) + λa ·p,q b, a �p,q b := Rp(a) ·p,q b.
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Example 2.26

By Proposition 2.25 and Example 2.20, we can obtain a variety
of ways to construct (tri)dendriform algebras of A[π] with differ-
ent dimensions.
(1) The new structures of tridendriform T-algebra on A[π] (where
A is given in Example 2.12) can be defined by

u11π ≺ u1q = −λu2q, u11π � u1q = −λu1q, u11π • u1q = λu1q,

u11π ≺ u2q = −λu2q, u11π � u2q = −λu2q, u11π • u2q = λu2q,

u21π ≺ u1q = −λu2q, u21π � u1q = −λu2q, u21π • u1q = λu2q,

u21π ≺ u2q = −λu2q, u21π � u2q = −λu2q, u21π • u2q = λu2q,

u1q ≺ u11π = −λu1q, u1q � u11π = −λu2q, u1q • u11π = λu1q,

u1q ≺ u21π = −λu2q, u1q � u21π = −λu2q, u1q • u21π = λu2q,

u2q ≺ u11π = −λu2q, u2q � u11π = −λu2q, u2q • u11π = λu2q,
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u2q ≺ u21π = −λu2q, u2q � u21π = −λu2q, u2q • u21π = λu2q,

u11π ≺ u11π = −λu11π, u11π � u11π = −λu11π, u11π • u11π = λu11π,

u11π ≺ u21π = −λu21π, u11π � u21π = −λu21π, u11π • u21π = λu21π,

u21π ≺ u11π = −λu21π, u21π � u11π = −λu21π, u21π • u11π = λu21π,

u21π ≺ u21π = −λu21π, u21π � u21π = −λu21π, u21π • u21π = λu21π,

u1q ≺ u1q = −λu2q, u1q � u1q = −λu2q, u1q • u1q = λu1q,

u1q ≺ u2q = −λu2q, u1q � u2q = −λu2q, u1q • u2q = λu2q,

u2q ≺ u1q = −λu2q, u2q � u1q = −λu2q, u2q • u1q = λu2q,

u2q ≺ u2q = −λu2q, u2q � u2q = −λu2q, u2q • u2q = λu2q.

58 / 130



Contents Introduction Rota-Baxter T-algebra Rota-Baxter Hopf T-(co)algebras Other T-versions Further work

Examples

(2) The new structures of tridendriform T-algebra on A[π] (where
A is given in Example 2.14) can be defined by

u11π ≺ u1q = −λu1q, u11π � u1q = −λu1q,

u11π • u1q = λu1q, u11π ≺ u2q = −λu2q,

u11π � u2q = −λu2q, u11π • u2q = λu2q,

u11π ≺ u3q = −λu3q, u11π � u3q = −λu3q,

u11π • u3q = λu3q, u11π ≺ u4q = −λu4q,

u11π � u4q = −λu4q, u11π • u4q = λu4q,

u21π ≺ u1q = −λu2q, u21π � u1q = λu2q + p1u3q +
p1p2

λ+ p2
u4q,

u21π • u1q = λu2q, u21π ≺ u2q = −λu1q,

u21π � u2q = λu1q− p3u4q− p1p2

λ+ p2
u3q, u21π • u2q = λu1q,

u21π ≺ u3q = −λu4q, u21π � u3q = λu4q,
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u21π • u3q = λu4q, u21π ≺ u4q = −λu3q,

u21π � u4q = λu3q, u21π • u4q = λu3q,

u31π ≺ u1q = −λu3q, u31π � u1q = −(λ+ p2)u3q− p2u4q,

u31π • u1q = λu3q, u31π ≺ u2q = λu4q,

u31π � u2q = (λ+ p2)u4q + p2u3q, u31π • u2q = −λu4q,

u41π ≺ u1q = −λu4q, u41π �1π ,q u1q = (λ+ p2)u3q + p2u4q,

u41π • u1q = λu4q, u41π ≺ u2q = λu3q,

u41π � u2q = −(λ+ p2)u4q− p2u3q, u41π • u2q = −λu3q,

u1q ≺ u11π = −λu1q, u1q � u11π = −λu1q,

u1q • u11π = λu1q, u1q ≺ u21π = λu2q + p1u3q +
p1p2

λ+ p2
u4q,

u1q � u21π = −λu2q, u1q • u21π = λu2q,
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u1q ≺ u31π = −(λ+ p2)u3q− p2u4q, u1q � u31π = −λu3q,

u1q • u31π = λu3q, u1q ≺ u41π = (λ+ p2)u3q + p2u4q,

u1q � u41π = −λu4q, u1q • u41π = λu4q,

u2q ≺ u11π = −λu2q, u2q � u11π = −λu2q,

u2q • u11π = λu2q, u2q ≺ u21π = λu1q + p1u4q +
p1p2

λ+ p2
u3q,

u2q � u21π = −λu1q, u2q • u21π = λu1q,

u2q ≺ u31π = −(λ+ p2)u4q− p2u3q, u2q � u31π = −λu4q,

u2q • u31π = λu4q, u2q ≺ u41π = (λ+ p2)u4q + p2u3q,

u2q � u41π = −λu3q, u2q • u41π = λu3q,

u3q ≺ u11π = −λu3q, u3q � u11π = −λu3q,

u3q • u11π = λu3q, u3q ≺ u21π = −λu4q,
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u3q � u21π = λu4q, u3q • u21π = −λu4q,

u4q ≺ u11π = −λu4q, u4q � u11π = −λu4q,

u4q • u11π = λu4q, u4q ≺ u21π = −λu3q,

u4q � u21π = λu3q, u4q • u21π = −λu3q,

u11π ≺ u11π = −λu11π, u11π � u11π = −λu11π,

u11π • u11π = λu11π, u11π ≺ u21π = λu21π + p1u31π +
p1p2

λ+ p2
u41π,

u11π � u21π = −λu21π, u11π • u21π = λu21π,

u11π ≺ u31π = −(λ+ p2)u31π − p2u41π, u11π � u31π = −λu31π,

u11π • u31π = λu31π, u11π ≺ u41π = (λ+ p2)u31π + p2u41π,

u11π � u41π = −λu41π, u11π • u41π = λu41π,

62 / 130



Contents Introduction Rota-Baxter T-algebra Rota-Baxter Hopf T-(co)algebras Other T-versions Further work

Examples

u21π ≺ u11π = −λu21π, u21π � u11π = λu21π + p1u31π +
p1p2

λ+ p2
u41π,

u21π • u11π = λu21π, u21π ≺ u21π = λu11π + p1u41π +
p1p2

λ+ p2
u31π,

u21π � u21π = λu11π − p1u41π −
p1p2

λ+ p2
u31π, u21π • u21π = λu11π,

u21π ≺ u31π = −(λ+ p2)u41π + p2u31π, u21π � u31π = λu41π,

u21π • u31π = λu41π, u21π ≺ u41π = (λ+ p2)u41π + p2u31π,

u21π � u41π = λu31π, u21π • u41π = λu31π,

u31π ≺ u11π = −λu31π, u31π � u11π = −(λ+ p2)u31π − p2u41π,

u31π • u11π = λu31π, u31π ≺ u21π = −λu41π,

u31π � u21π = (λ+ p2)u41π + p2u31π, u31π •1π ,1π u21π = −λu41π,

u41π ≺ u11π = −λu41π, u41π � u11π = (λ+ p2)u31π + p2u41π,
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u41π • u11π = λu41π, u41π ≺ u21π = −λu31π,

u41π � u21π = −(λ+ p2)u41π − p2u31π, u41π • u21π = −λu31π,

u1q ≺ u1q = −λu1q, u1q � u1q = −λu1q,

u1q • u1q = λu1q, u1q ≺ u2q = −λu2q,

u1q � u2q = −λu2q, u1q • u2q = λu2q,

u1q ≺ u3q = −λu3q, u1q � u3q = −λu3q,

u1q • u3q = λu3q, u1q ≺ u4q = −λu4q,

u1q � u4q = −λu4q, u1q • u4q = λu4q,

u2q ≺ u1q = −λu2q, u2q � u1q = −λu2q,

u2q • u1q = λu2q, u2q ≺ u2q = −λu1q,

u2q � u2q = −λu1q, u2q • u2q = λu1q,
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u2q ≺ u3q = −λu4q, u2q � u3q = −λu4q,

u2q • u3q = λu4q, u2q ≺ u4q = −λu3q,

u2q � u4q = −λu3q, u2q • u4q = λu3q,

u3q ≺ u1q = −λu3q, u3q � u1q = −λu3q,

u3q • u1q = λu3q, u3q ≺ u2q = λu4q,

u3q � u2q = λu4q, u3q • u2q = −λu4q

u4q ≺ u1q = −λu4q, u4q � u1q = −λu4q,

u4q • u1q = λu4q, u4q ≺ u2q = λu3q,

u4q � u2q = λu3q, u4q • u2q = −λu3q.

The operations for the remaining cases are 0.
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Examples

(3) Based on Proposition 2.24 and (1), (2) above, we can get
new structures of dendriform T-algebra on A[π], where A are
given in Example 2.12 and Example 2.14, respectively.
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Corollaries

Corollary 2.27

A Rota-Baxter algebra (A,R) induces a dendriform algebra
(A,≺,�), where

a ≺ b := aR(b) + λab, a � b := R(a)b

for a, b ∈ A.

Remark 2.28
If λ = 0 in Corollary 2.27, then we obtain [1, Proposition 4.5].
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From (tri)dendriform T-algebras to T-algebras

Proposition 2.29

(1) Let (A,≺,�) be a dendriform T-algebra. Then ({Aϕ}ϕ∈π,
{�p,q}p,q∈π) is a T-algebra, where {�p,q : Ap ⊗ Aq −→ Apq}p,q∈π,

a �p,q b := a ≺p,q b + a �p,q b, for a ∈ Ap, b ∈ Aq.

(2) Let (A,≺,�, •) be a tridendriform T-algebra. Then ({Aϕ}ϕ∈π,
{�p,q}p,q∈π) is a T-algebra, where {�p,q : Ap ⊗ Aq −→ Apq}p,q∈π,

a �p,q b := a ≺p,q b + a •p,q b + a �p,q b, for a ∈ Ap, b ∈ Aq.
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Remark

Remark 2.30

We can get many new T-algebra structures on A[π] by Proposi-
tion 2.29 and Example 2.26.
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Example 2.31

(1) In general, according to Part (1) in Proposition 2.29, com-
mutative dendriform T-algebras induce commutative T-algebras.
The following example comes from (3) in Example 2.26 which
shows that noncommutative dendriform T-algebra can also in-
duce commutative T-algebra.
The new structure of T-algebra on A[π] (where A is given in
Example 2.12) can be defined by

u11π � u1q = u1q � u11π = −λu2q, u11π � u2q = u2q � u11π = −λu2q,

u21π � u1q = u1q � u21π = −λu2q, u21π � u2q = u2q � u21π = −λu2q,

u11π � u11π = −λu11π, u11π � u21π = u21π � u11π = −λu21π,

u21π � u21π = −λu21π, u1q � u1q = λu1q− 2λu2q,

u2q � u2q = −λu2q, u1q � u2q = u2q � u1q = −λu2q.
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(2) The following example comes from (4) in Example 2.26 which
shows that noncommutative dendriform algebra can also induce
noncommutative T-algebra.
The new structure of T-algebra on A[π] (where A is given in
Example 2.14) can be defined by

u11π � u1q = u1q � u11π = −λu1q, u11π � u2q = u2q � u11π = −λu2q,

u11π � u3q = u3q � u11π = −λu3q, u11π � u4q = u4q � u11π = −λu4q,

u21π � u1q = u1q � u21π = λu2q + p1u3q +
p1p2

λ+ p2
u4q, u21π � u4q = λu3q,

u21π � u2q = λu1q− p3u4q− p1p2

λ+ p2
u3q, u21π � u3q = λu4q,

u4q � u21π = −λu3q, u31π � u1q = u1q � u31π = −(λ+ p2)u3q− p2u4q,

u2q � u21π = λu1q + p1u4q +
p1p2

λ+ p2
u3q, u3q � u21π = −λu4q,
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u31π � u2q = −u2q � u31π = (λ+ p2)u4q + p2u3q, u11π � u11π = −λu11π,

u41π � u1q = u1q � u41π = (λ+ p2)u3q + p2u4q,

−u41π � u2q = u2q � u41π = (λ+ p2)u4q + p2u3q,

u21π � u31π = (λ− p2)u41π + p2u31π,

u11π � u21π = u21π � u11π = λu21π + p1u31π +
p1p2

λ+ p2
u41π,

u11π � u31π = u31π � u11π = −(λ+ p2)u31π − p2u41π,

u21π � u41π = −u41π � u21π = (λ+ p2)u41π + (2λ+ p2)u31π,

u41π � u11π = u11π � u41π = (λ+ p2)u31π + p2u41π,

u1q � u2q = u2q � u1q = −λu2q, u1q � u3q = u3q � u1q = −λu3q,

u1q � u4q = u4q � u1q = −λu4q, −u2q � u4q = u4q � u2q = λu3q,

u1q � u1q = −λu1q, u2q � u2q = −λu1q, u21π � u21π = 3λu11π,

−u2q � u3q = u3q � u2q = λu4q, u31π � u21π = (−λ+ p2)u41π + p2u31π.

The operations for the remaining cases are 0.
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From Rota-Baxter T-algebras to T-algebras

Corollary 2.32

Let (A,R) be a Rota-Baxter T-algebra. If we define a new multi-
plication {�p,q : Ap ⊗ Aq −→ Apq}p,q∈π by

a �p,q b = a ·p,q R(b) + R(a) ·p,q b + λa ·p,q b

for a ∈ Ap, b ∈ Aq and p, q ∈ π. Then ({Aϕ}ϕ∈π, {�p,q}p,q∈π) is a
T-algebra.

Remark 2.33
For a Rota-Baxter T-algebra (A,R), we have Rp(a) ·p,q Rq(b) =
Rpq(a �p,q b).
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Rota-Baxter Hopf T-algebras

Definition 3.1

Let π be a semigroup. A Rota-Baxter T-algebra (A,R) is a
Rota-Baxter semi-Hopf T-algebra denoted by (A,∆,R) if ev-
ery {Aϕ}ϕ∈π is a coalgebra with comultiplication ∆ϕ such that
{µp,q}p,q∈π are coalgebra maps and Rϕ is a Rota-Baxter cooper-
ator.

If, furthermore, π is a monoid with unit 1, and Rota-Baxter T-
algebra is unital such that η : K −→ A1 is a coalgebra map, then
we call Rota-Baxter semi-Hopf T-algebra unital.

Let π be a group. A Rota-Baxter Hopf T-algebra denoted by
(A,∆,R, S) is a unital Rota-Baxter semi-Hopf T-algebra together
with a family of linear maps {Sϕ : Aϕ −→ Aϕ−1}ϕ∈π such that

µϕ−1,ϕ ◦ (Sϕ ⊗ idAϕ) ◦∆ϕ = ηεϕ = µϕ,ϕ−1 ◦ (idAϕ ⊗ Sϕ) ◦∆ϕ,

Sϕ ◦ Rϕ = Rϕ−1 ◦ Sϕ.
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Rota-Baxter Hopf T-algebras

Remark 3.2

(1) Rota-Baxter Hopf T-algebra (A,∆,R, S) includes a Hopf T-
algebra (A,∆, S).
(2) If (A, µ̃, η̃, ∆̃, ε̃,S) is a Hopf algebra, then we call Rota-Baxter
Hopf T-algebra ({Aϕ = A}, {µp,q = µ̃}, {Rϕ}, λ, {∆ϕ = ∆̃}, {εϕ =
ε̃}, {Sϕ = S}) a Rota-Baxter family Hopf algebra of weight λ.
(3) If π = {1}, then we call Rota-Baxter Hopf T-algebra
(A1, µ1,1,R1, λ,∆1, ε1, S1) is a (R1,R1)-Rota-Baxter Hopf alge-
bra of weight λ. We note here (R1,R1)-Rota-Baxter Hopf alge-
bra of weight λ is a (R1,R1)-Rota-Baxter bialgebra of weight λ
together with antipode S1 such that S1 ◦ R1 = R1 ◦ S1.
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Example 3.3

Let π = {1, q} be a monoid with a unit 1 and q2 = q.
(1) Let A be the 2-dimensional algebra defined in Example 2.12.
For all ϕ ∈ π, define ∆ϕ : Aϕ −→ Aϕ by ∆(hϕ) = hϕ ⊗ hϕ,
∀ h ∈ A. Then (A[π],∆,R) is a Rota-Baxter semi-Hopf T-algebra
of weight λ with {Rϕ} given by

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ −λu21π u2q 7−→ −λu2q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ 0q,

u21π 7−→ −λu21π u2q 7−→ −λu2q.
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(2) Let A be the 3-dimensional algebra defined in Example 2.13.
For all ϕ ∈ π, define ∆ϕ : Aϕ −→ Aϕ by ∆(hϕ) = hϕ ⊗ hϕ,
∀ h ∈ A. Then (A[π],∆,R) is a Rota-Baxter semi-Hopf T-algebra
of weight λ with {Rϕ} given by

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ 0q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ −λu3q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ −λu21π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ 0q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ −λu21π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ −λu3q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ 0q,

u31π 7−→ −λu31π u3q 7−→ −λu3q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q,

u31π 7−→ −λu31π u3q 7−→ −λu3q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ −λu21π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ −λu3q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ −λu21π u2q 7−→ −λu2q,

u31π 7−→ −λu31π u3q 7−→ −λu3q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q,

u31π 7−→ −λu31π u3q 7−→ −λu3q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ 0q,

u21π 7−→ −λu21π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ 0q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ 0q,

u21π 7−→ −λu21π u2q 7−→ 0q,

u31π 7−→ −λu31π u3q 7−→ −λu3q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ 0q,

u21π 7−→ 01π u2q 7−→ 0q,

u31π 7−→ −λu31π u3q 7−→ −λu3q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ 0q,

u21π 7−→ −λu21π u2q 7−→ 0q,

u31π 7−→ −λu31π u3q 7−→ −λu3q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ 0q,

u21π 7−→ −λu21π u2q 7−→ −λu2q,

u31π 7−→ −λu31π u3q 7−→ −λu3q.
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(3) Let A be the 4-dimensional algebra defined in Example 2.14.
For all ϕ ∈ π, define ∆ϕ : Aϕ −→ Aϕ by ∆(hϕ) = hϕ ⊗ hϕ,
∀ h ∈ A. Then (A[π],∆,R) is a Rota-Baxter semi-Hopf T-algebra
of weight λ with {Rϕ} given by

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ 01π u1q 7−→ −λu1q,

u21π 7−→ 01π u2q 7−→ −λu2q,

u31π 7−→ −λu31π u3q 7−→ −λu3q,

u41π 7−→ −λu41π u4q 7−→ −λu4q
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or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ −λu1q,

u21π 7−→ −λu21π u2q 7−→ −λu2q,

u31π 7−→ 01π u3q 7−→ −λu3q,

u41π 7−→ 01π u4q 7−→ −λu4q

or

R1π : A1π −→ A1π Rq : Aq −→ Aq

u11π 7−→ −λu11π u1q 7−→ 0q,

u21π 7−→ −λu21π u2q 7−→ 0q,

u31π 7−→ −λu31π u3q 7−→ −λu3q,

u41π 7−→ −λu41π u4q 7−→ −λu4q.
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Rota-Baxter Hopf T-coalgebras

Definition 3.4

Let π be a semigroup and γ ∈ K be given. A
Rota-Baxter T-coalgebra of weight γ is a quadru-
ple ({Cϕ}ϕ∈π, {∆p,q}p,q∈π, {Qϕ}ϕ∈π, γ) (abbr.(C,Q)), where
{Cϕ}ϕ∈π is a family of vector spaces together with a family of
linear maps {∆p,q : Cpq −→ Cp ⊗ Cq}p,q∈π and a family of linear
maps {Qϕ : Cϕ −→ Cϕ}ϕ∈π such that

(∆p,q ⊗ idCt)∆pq,t = (idCp ⊗∆q,t)∆p,qt, (12)
(Qp ⊗ Qq)∆p,q = (idCp ⊗ Qq)∆p,qQp,q + (Qp ⊗ idCq)∆p,qQp,q + γ∆p,qQp,q,

where p, q, t ∈ π.
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Rota-Baxter Hopf T-coalgebras

If moreover π is a monoid with unit 1 and there is a linear map
ε : C1 −→ K such that

(idCp ⊗ ε)∆p,1 = idCp = (ε⊗ idCp)∆1,p,

then we call (C,Q) counital.
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Rota-Baxter Hopf T-coalgebras

Remark 3.5
(1) If the semigroup π contains a single element 1, then Rota-
Baxter T-coalgebra (C1,∆1,1,Q1, γ) is exactly the Rota-Baxter
coalgebra of weight λ.
(2) If (C,∆, ε) is a coassociative coalgebra, then Rota-Baxter
T-coalgebra ({Cϕ = C}, {∆p,q = ∆}, {Qϕ}, γ) is called a Rota-
Baxter family coalgebra of weight γ, which is a dual to the
Rota-Baxter family algebra of weight λ.
(3) Eq.(12) means that Rota-Baxter T-coalgebra (C,Q) includes
a T-coalgebra ({Cϕ}, {∆p,q}).
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Dendriform T-coalgebras

Definition 3.6

Let π be a semigroup. A dendriform T-coalgebra is a fam-
ily of vector spaces {Cϕ}ϕ∈π with a family of binary operations
{∆≺p,q,∆�p,q : Cpq −→ Cp ⊗ Cq}p,q∈π satisfying the following
conditions (for all p, q, t ∈ π)

(∆≺p,q ⊗ idCt)∆≺pq,t = (idCp ⊗∆≺q,t)∆≺p,qt + (idCp ⊗∆�q,t)∆≺p,qt,

(∆�p,q ⊗ idCt)∆≺pq,t = (idCp ⊗∆≺q,t)∆�p,qt,

(∆≺p,q ⊗ idCt)∆�pq,t + (∆�p,q ⊗ idCt)∆�pq,t = (idCp ⊗∆�q,t)∆�p,qt.

For simplicity, we denote it by
({Cϕ}ϕ∈π, {∆≺p,q}p,q∈π, {∆�p,q}p,q∈π) (abbr. (C,∆≺,∆�)).
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Dendriform T-coalgebras

Remark 3.7
If π contains a single element 1, then (C1,∆≺p,q =
∆≺1,1,∆�p,q = ∆�1,1) is dendriform coalgebra.
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Tridendriform T-coalgebra
Definition 3.8

Let π be a semigroup. A tridendriform T-coalgebra is a fam-
ily of vector spaces {Cϕ}ϕ∈π with a family of binary operations
{∆≺p,q,∆�p,q,∆•p,q : Cpq −→ Cp ⊗ Cq}p,q∈π satisfying the follow-
ing conditions (for all p, q, t ∈ π)

(∆≺p,q ⊗ idCt)∆≺pq,t

= (idCp ⊗∆≺q,t)∆≺p,qt + (idCp ⊗∆�q,t)∆≺p,qt + (idCp ⊗∆•q,t)∆≺p,qt,

(∆�p,q ⊗ idCt)∆≺pq,t = (idCp ⊗∆≺q,t)∆�p,qt,

(∆≺p,q ⊗ idCt)∆�pq,t + (∆�p,q ⊗ idCt)∆�pq,t + (∆•p,q ⊗ idCt)∆�pq,t

= (idCp ⊗∆�q,t)∆�p,qt,

(∆�p,q ⊗ idCt)∆•pq,t = (idCp ⊗∆•q,t)∆�p,qt,

(∆≺p,q ⊗ idCt)∆•pq,t = (idCp ⊗∆�q,t)∆•p,qt,

(∆•p,q ⊗ idCt)∆≺pq,t = (idCp ⊗∆≺q,t)∆•p,qt,

(∆•p,q ⊗ idCt)∆•pq,t = (idCp ⊗∆•q,t)∆•p,qt. 92 / 130
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Tridendriform T-coalgebra

For simplicity, we denote it by ({Cϕ}ϕ∈π, {∆≺p,q}p,q∈π, {∆�p,q}p,q∈π,
{∆•p,q}p,q∈π) (abbr. (C,∆≺,∆�,∆•)).
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Tridendriform T-coalgebra

Remark 3.9
If π contains a single element 1, then (C1,∆≺p,q =
∆≺1,1,∆�p,q = ∆�1,1,∆•p,q = ∆•1,1) is tridendriform coalgebra.
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Relations

Proposition 3.10

Let π be a semigroup. (1) A Rota-Baxter T-
coalgebra (C,Q) induces a dendriform T-coalgebra
({Cϕ}ϕ∈π, {∆≺p,q}p,q∈π, {∆�p,q}p,q∈π), where

∆≺p,q(c) = c(1,p) ⊗ Qq(c(2,q)) + γc(1,p) ⊗ c(2,q), ∆�p,q(c)

= Qp(c(1,p))⊗ c(2,q),

here we write ∆p,q(c) = c(1,p) ⊗ c(2,q), for all c ∈ Cpq and p, q ∈ π.
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Relations

(2) A Rota-Baxter T-coalgebra (C,Q) induces a tridendriform
T-coalgebra ({Cϕ}ϕ∈π, {∆≺p,q}p,q∈π, {∆�p,q}p,q∈π, {∆•p,q}p,q∈π),
where

∆≺p,q(c) = c(1,p) ⊗ Qq(c(2,q)), ∆�p,q(c)

= Qp(c(1,p))⊗ c(2,q), ∆•p,q(c) = γc(1,p) ⊗ c(2,q),

here we write ∆p,q(c) = c(1,p) ⊗ c(2,q), for all c ∈ Cpq and p, q ∈ π.
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Relations

Proposition 3.11

Let π be a semigroup. (1) Let
({Cϕ}ϕ∈π, {∆≺p,q}p,q∈π, {∆�p,q}p,q∈π) be a dendriform T-
coalgebra. Then ({Cϕ}ϕ∈π, {∆�p,q}p,q∈π) is a T-coalgebra,
where {∆�p,q : Cpq −→ Cp ⊗ Cq}p,q∈π,

∆�p,q(c) = ∆≺p,q(c) + ∆�p,q(c)

for all c ∈ Cpq and p, q ∈ π.
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Relations

(2) Let ({Cϕ}ϕ∈π, {∆≺p,q}p,q∈π, {∆�p,q}p,q∈π, {∆•p,q}p,q∈π) be a
tridendriform T-coalgebra. Then ({Cϕ}ϕ∈π, {∆�p,q}p,q∈π) is a T-
coalgebra, where {∆�p,q : Cpq −→ Cp ⊗ Cq}p,q∈π,

∆�p,q(c) = ∆≺p,q(c) + ∆•p,q(c) + ∆�p,q(c)

for all c ∈ Cpq and p, q ∈ π.
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Rota-Baxter Hopf T-coalgebras

Definition 3.12

Let π be a semigroup. A Rota-Baxter T-coalgebra is a Rota-
Baxter semi-Hopf T-coalgebra denoted by (C, µ,Q) if ev-
ery {Cϕ}ϕ∈π is an algebra with multiplication µϕ such that
{∆p,q}p,q∈π are algebra maps and each Qϕ is a Rota-Baxter op-
erator, i.e.,

Qϕ(a)Qϕ(b) = Qϕ(Qϕ(a)b + aQϕ(b) + γab), ∀a, b ∈ Cϕ.
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Rota-Baxter Hopf T-coalgebras

If, moreover, π is a monoid with unit 1, and Rota-Baxter T-coalgebra
is counital such that ε : C1 −→ K is an algebra map, then we call
Rota-Baxter semi-Hopf T-coalgebra counital.
Let π be a group. A Rota-Baxter Hopf T-coalgebra denoted
by (C, µ,Q, S) is a counital Rota-Baxter semi-Hopf T-coalgebra
together with a family of linear maps {Sϕ : Cϕ −→ Cϕ−1}ϕ∈π
such that

µϕ ◦ (Sϕ ⊗ idCϕ) ◦∆ϕ−1,ϕ = ηϕε = µϕ ◦ (idCϕ ⊗ Sϕ) ◦∆ϕ,ϕ−1 ,

Qϕ−1 ◦ Sϕ = Sϕ ◦ Qϕ.
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Rota-Baxter Hopf T-coalgebras

Remark 3.13
(1) Rota-Baxter Hopf T-coalgebra (C, µ,Q, S) includes a Hopf T-
coalgebra ({Cϕ}, {∆p,q}, ε, µϕ, {ηϕ}, εϕ, Sϕ).
(2) If (A, µ, η,∆, ε, S) is a Hopf algebra, then we call Rota-Baxter
Hopf T-coalgebra ({Aϕ = A}, {∆p,q = ∆}, {Qϕ}, ε, γ, {µϕ =
µ}, {ηϕ = η}, {Sϕ = S}) a co-Rota-Baxter family Hopf alge-
bra of weight γ.
(3) If π = {1}, then the Rota-Baxter Hopf T-coalgebra
({C1}, {∆1}, {Q1}, ε, γ, {µ1}, {η1}, {S1}) is a (Q1,Q1)-Rota-
Baxter Hopf algebra of weight γ.
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T-versions

tridendriform
T-algebra

Proposition 2.29+3
KS

Proposition 2.25

T-algebrasKS

Proposition 2.29

Rota-Baxter
T-algebra

Proposition 2.25+3 dendriform
T-algebra.

Zinbiel
T-algebraKS

Proposition 4.15

Rota-Baxter Lie
T-algebra

Proposition 4.13
��

dendriform
T-algebra

Proposition 4.3 +3 pre-Lie
T-algebra

Zinbiel
T-algebra

Proposition 4.18

KS

Lie
T-algebra

��
Proposition 4.10

From now on we assume that the π is commutative semigroup.
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Commutative T-algebras

Definition 4.1

A commutative T-algebra is a T-algebra ({Aϕ}ϕ∈π, {µp,q}p,q∈π)
satisfying

a ·p,q b = b ·q,p a, (13)

for a ∈ Ap, b ∈ Aq, and p, q ∈ π.
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Pre-Lie T-algebras

Definition 4.2

A pre-Lie T-algebra is a family of vector spaces {Aϕ}ϕ∈π with a
family of binary operations {∗p,q : Ap⊗Aq −→ Apq}p,q∈π such that

a ∗p,qt (b ∗q,t c)− (a ∗p,q b) ∗pq,t c = b ∗q,pt (a ∗p,t c)− (b ∗q,p a) ∗qp,t c,

for a ∈ Ap, b ∈ Aq, c ∈ At and p, q, t ∈ π. We denote it by
({Aϕ}ϕ∈π, {∗p,q}p,q∈π).
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From dendriform T-algebras to pre-Lie T-algebras

Proposition 4.3

Let ({Aϕ}ϕ∈π, {≺p,q}p,q∈π, {�p,q}p,q∈π) be a dendriform T-
algebra. Then ({Aϕ}ϕ∈π, {∗p,q}p,q∈π) is a pre-Lie T-algebra,
where {∗p,q : Ap ⊗ Aq −→ Apq}p,q∈π defined by

a ∗p,q b := a �p,q b− b ≺q,p a,

for a ∈ Ap, b ∈ Aq and p, q ∈ π.
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Remark

Remark 4.4

New constructions of pre-Lie T-algebra can be obtained by
Proposition 4.3 and Example 2.26.
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Examples

Example 4.5

(1) In general, according to Proposition 4.3, commutative den-
driform T-algebras induce commutative pre-Lie T-algebras. The
following example comes from (3) in Example 2.26 which shows
that noncommutative dendriform T-algebra can also induce com-
mutative pre-Lie T-algebra.
The new structure of pre-Lie T-algebra onA[π] (whereA is given
in Example 2.12) can be defined by
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Examples

u11π ∗ u1q = u1q ∗ u11π = −λu1q, u11π ∗ u2q = u2q ∗ u11π = −λu2q,

u21π ∗ u1q = u1q ∗ u21π = −λu2q, u21π ∗ u2q = u2q ∗ u21π = −λu2q,

u11π ∗ u21π = u21π ∗ u11π = −λu21π, u1q ∗ u2q = u2q ∗ u1q = −λu2q,

u11π ∗ u11π = −λu11π, u1q ∗ u1q = −λu1q, u21π ∗ u21π = −λu21π,

u2q ∗ u2q = −λu2q.
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Examples

(2) The following example comes from (4) in Example 2.26 which
shows that noncommutative dendriform T-algebra can also in-
duce noncommutative pre-Lie T-algebra.
The new structure of pre-Lie T-algebra onA[π] (whereA is given
in Example 2.14) can be defined by

u11π ∗ u1q = u1q ∗ u11π = −λu1q, u11π ∗ u2q = u2q ∗ u11π = −λu2q,

u11π ∗ u3q = u3q ∗ u11π = −λu3q, u11π ∗ u4q = u4q ∗ u11π = −λu4q,

u21π ∗ u1q = u1q ∗ u21π = −λu2q,

u21π ∗ u2q = −λu1q− p3u4q− p1u4q− 2p1p2

λ+ p2
u3q,

u2q ∗ u21π = −λu1q, u21π ∗ u3q = 3λu4q, u3q ∗ u21π = λu4q,

u21π ∗ u4q = 3λu3q, u4q ∗ u21π = λu3q, u31π ∗ u1q = u1q ∗ u31π = −λu3q,

u31π ∗ u2q = (λ+ 2p2)u4q + 2p2u3q, u2q ∗ u31π = −λu4q,
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Examples
u41π ∗ u1q = u1q ∗ u41π = −λu4q,

u41π ∗ u2q = −2(λ+ p2)u4q− (λ+ 2p2)u3q,

u2q ∗ u41π = −λu3q, u11π ∗ u11π = −λu11π,

u11π ∗ u21π = u21π ∗ u11π = −λu21π,

u11π ∗ u31π = u31π ∗ u11π = −λu31π, u11π ∗ u41π = u41π ∗ u11π = −λu41π,

u21π ∗ u21π = −λu11π − 2p1u41π −
2p1p2

λ+ p2
u31π, u21π ∗ u31π = 3λu41π,

u31π ∗ u21π = (λ+ 2p2)u41π, u21π ∗ u41π = 3λu31π,

u41π ∗ u21π = −2(λ+ p2)u41π − (λ+ 2p2)u31π, u1q ∗ u1q = −λu1q,

u1q ∗ u2q = u2q ∗ u1q = −λu2q, u1q ∗ u3q = u3q ∗ u1q = −λu3q,

u1q ∗ u4q = u4q ∗ u1q = −λu4q, u2q ∗ u2q = −λu1q,

u2q ∗ u3q = −u3q ∗ u2q = −λu4q, u2q ∗ u4q = −u4q ∗ u2q = −λu3q.

The operations for the remaining cases are 0.
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Lie T-algebras

Definition 4.6

A Lie T-algebra is a family of vector spaces {Aϕ}ϕ∈π together
with a family of binary operations {[, ]p,q : Ap ⊗ Aq −→ Apq}p,q∈π,
such that

[a, b]p,q + [b, a]q,p = 0,

[[a, b]p,q, c]pq,t + [[b, c]q,t, a]qt,p + [[c, a]t,p, b]tp,q = 0

for a ∈ Ap, b ∈ Aq, c ∈ At, and p, q, t ∈ π. We denote it by
({Aϕ}ϕ∈π, {[, ]p,q}p,q∈π) (abbr. (A, [, ])).
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From T-algebras to Lie T-algebras

Proposition 4.7

Let ({Aϕ}ϕ∈π, {µp,q}p,q∈π) be a T-algebra. Then (A, [, ]) is a Lie
T-algebra, where {[, ]p,q : Ap ⊗ Aq −→ Apq}p,q∈π

[a, b]p,q = a ·p,q b− b ·q,p a

for a ∈ Ap, b ∈ Aq and p, q ∈ π.

Remark 4.8

Based on Proposition 4.7 and Remark 2.30, we can get many
new constructions of Lie T-algebra.
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Examples

Example 4.9

According to Example 2.31 (2) and Proposition 4.7, by Eq.(14),
the nonzero operations of Lie T-algebra on A[π] (where A is
given in Example 2.14) can be defined by

[u21π, u2q] = −p3u4q− p1u4q− 2p1p2

λ+ p2
u3q,

[u21π, u3q] = 2λu4q, [u21π, u4q] = 2λu3q,

[u31π, u2q] = 2(λ+ p2)u4q + 2p2u3q,

[u41π, u2q] = −2(λ+ p2)u4q− 2p2u3q,

[u21π, u31π] = 2(λ− p2)u41π,

[u21π, u41π] = 2(λ+ p2)u41π + 2(2λ+ p2)u31π,

[u2q, u3q] = −2λu4q, [u2q, u4q] = −2λu3q.

113 / 130



Contents Introduction Rota-Baxter T-algebra Rota-Baxter Hopf T-(co)algebras Other T-versions Further work

From pre-Lie T-algebras to Lie T-algebras

Proposition 4.10

Let ({Aϕ}ϕ∈π, {∗p,q}p,q∈π) be a pre-Lie T-algebra. Define

[a, b]p,q = a ∗p,q b− b ∗q,p a

for a ∈ Ap, b ∈ Aq and p, q ∈ π. Then ({Aϕ}ϕ∈π, {[, ]p,q}p,q∈π) is a
Lie T-algebra.

Remark 4.11

According to Proposition 4.10 and Remark 4.4, we can get a
series of construction of Lie T-algebra.
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Rota-Baxter Lie T-algebras

Definition 4.12

Let λ ∈ K. A Rota-Baxter Lie T-algebra of weight λ is a Lie
T-algebra ({Aϕ}ϕ∈π, {[, ]p,q}p,q∈π) endowed with a family of linear
maps {Rϕ : Aϕ −→ Aϕ}ϕ∈π, subject to the relation

[Rp(a),Rq(b)]p,q

= Rpq([a,Rq(b)]p,q) + Rpq([Rp(a), b]p,q) + λRpq([a, b]p,q)

for a ∈ Ap, b ∈ Aq and p, q ∈ π. We denote it by
({Aϕ}ϕ∈π, {[, ]p,q}p,q∈π, {Rϕ}ϕ∈π, λ).
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From Rota-Baxter Lie T-algebras to pre-Lie
T-algebras

Proposition 4.13

Let ({Aϕ}ϕ∈π, {[, ]p,q}p,q∈π, {Rϕ}ϕ∈π) be a Rota-Baxter Lie T-
algebra of weight 0. Then ({Aϕ}ϕ∈π, {∗p,q}p,q∈π) is a pre-Lie T-
algebra, where

a ∗p,q b = [Rp(a), b]p,q.
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Dendriform T-algebra and Zinbiel T-algebra

Definition 4.14

A Zinbiel T-algebra is a family of vector spaces {Aϕ}ϕ∈π to-
gether with a family of binary operations {?p,q : Ap ⊗ Aq −→
Apq}p,q∈π such that

a ?p,qt (b ?q,t c) = (a ?p,q b) ?pq,t c + (b ?q,p a) ?qp,t c

for a ∈ Ap, b ∈ Aq, c ∈ At and p, q, t ∈ π. We denote it by
({Aϕ}ϕ∈π, {?p,q}p,q∈π).
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Dendriform T-algebra and Zinbiel T-algebra

Proposition 4.15

Let ({Aϕ}ϕ∈π, {≺p,q}p,q∈π, {�p,q}p,q∈π) be a commutative dendri-
form T-algebra in the sense of

a �p,q b = b ≺q,p a,

define

a ?p,q b := a �p,q b = b ≺q,p a

for a ∈ Ap, b ∈ Aq and p, q ∈ π. Then ({Aϕ}ϕ∈π, {?p,q}p,q∈π) is a
Zinbiel T-algebra.
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Corollary

Corollary 4.16

(1) Let (A,R) be a Rota-Baxter T-algebra. Then ({Aϕ}ϕ∈π,
{∗p,q}p,q∈π) is a pre-Lie T-algebra, where

a ∗p,q b := Rp(a) ·p,q b− b ·q,p Rp(a)− λb ·q,p a

for a ∈ Ap, b ∈ Aq and p, q ∈ π.
(2) Let (A,R) be a Rota-Baxter T-algebra such that Rp(a)·p,qb =

b ·q,p Rp(a) + λb ·q,p a. Then ({Aϕ}ϕ∈π, {?p,q}p,q∈π) is a Zinbiel T-
algebra, where

a ?p,q b := Rp(a) ·p,q b

for a ∈ Ap, b ∈ Aq and p, q ∈ π.
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Dendriform T-algebra and Zinbiel T-algebra

Lemma 4.17

Let ({Aϕ}ϕ∈π, {?p,q}p,q∈π) be a Zinbiel T-algebra. Then

a ?p,qt (b ?q,t c) = b ?q,pt (a ?p,t c)

where a ∈ Ap, b ∈ Aq, c ∈ At and p, q, t ∈ π.

Proposition 4.18

Let ({Aϕ}ϕ∈π, {?p,q}p,q∈π) be a Zinbiel T-algebra. Define

a ≺p,q b = b ?q,p a, a �p,q b = a ?p,q b,

for a ∈ Ap, b ∈ Aq and p, q ∈ π. Then ({Aϕ}ϕ∈π, {≺p,q}p,q∈π, {�p,q

}p,q∈π) is a dendriform T-algebra.

120 / 130



Contents Introduction Rota-Baxter T-algebra Rota-Baxter Hopf T-(co)algebras Other T-versions Further work

From Zinbiel T-algebras to T-algebras

Proposition 4.19

Let ({Aϕ}ϕ∈π, {?p,q}p,q∈π) be a Zinbiel T-algebra. Define

a �p,q b = a ?p,q b + b ?q,p a

for a ∈ Ap, b ∈ Aq and p, q ∈ π. Then ({Aϕ}ϕ∈π, {�p,q}p,q∈π) is a
T-algebra.
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Poisson T-algebra

Pre-Poisson algebra was proposed by Aguiar by combining Zin-
biel algebra and pre-Lie algebra. We extend it to the T-version.

Definition 4.20

A Poisson T-algebra is a triple ({Aϕ}ϕ∈π,
{µp,q}p,q∈π, {[, ]p,q}p,q∈π) where ({Aϕ}ϕ∈π, {µp,q}p,q∈π) is a
commutative T-algebra, ({Aϕ}ϕ∈π, {[, ]p,q}p,q∈π) is a Lie T-
algebra and the following condition holds

[a, b ·q,t c]p,qt = [a, b]p,q ·pq,t c + b ·q,pt [a, c]p,t,

for a ∈ Ap, b ∈ Aq, c ∈ At and p, q, t ∈ π.
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Pre-Poisson T-algebra

Definition 4.21

A pre-Poisson T-algebra is a triple
({Aϕ}ϕ∈π, {?p,q}p,q∈π, {∗p,q}p,q∈π) where ({Aϕ}ϕ∈π, {?p,q}p,q∈π) is
a Zinbiel T-algebra, ({Aϕ}ϕ∈π, {∗p,q}p,q∈π) is a pre-Lie T-algebra
and the following conditions hold

(a ∗p,q b) ?pq,t c− (b ∗q,p a) ?qp,t c = a ∗p,qt (b ?q,t c)− b ?q,pt (a ∗p,t c),

(a ?p,q b) ∗pq,t c + (b ?q,p a) ∗qp,t c = a ?p,qt (b ∗q,t c) + b ?q,pt (a ∗p,t c)

for a ∈ Ap, b ∈ Aq, c ∈ At and p, q, t ∈ π.
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From pre-Poisson T-algebras to Poisson
T-algebras

Proposition 4.22
Let ({Aϕ}ϕ∈π, {?p,q}p,q∈π, {∗p,q}p,q∈π) be a pre-Poisson T-
algebra. Define

a �p,q b = a ?p,q b− b ?q,p a, [a, b]p,q = a ∗p,q b− b ∗q,p a

for a ∈ Ap, b ∈ Aq and p, q ∈ π. Then
({Aϕ}ϕ∈π, {�p,q}p,q∈π, {[, ]p,q}p,q∈π) is a Poisson T-algebra.
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Rota-Baxter Poisson T-algebras

Definition 4.23

A Rota-Baxter Poisson T-algebra of weight λ is a triple
({Aϕ}ϕ∈π, {µp,q}p,q∈π, {[, ]p,q}p,q∈π) endowed with a family of lin-
ear maps {Rϕ : Aϕ −→ Aϕ}ϕ∈π such that
(1) ({Aϕ}ϕ∈π, {µp,q}p,q∈π, {[, ]p,q}p,q∈π) is a Poisson T-algebra,
(2) ({Aϕ}ϕ∈π, {µp,q}p,q∈π, {Rϕ}ϕ∈π) is a Rota-Baxter T-algebra of
weight λ,
(3) ({Aϕ}ϕ∈π, {[, ]p,q}p,q∈π, {Rϕ}ϕ∈π) is a Rota-Baxter Lie T-
algebra of weight λ.
We denote it by ({Aϕ}ϕ∈π, {µp,q}p,q∈π, {[, ]p,q}p,q∈π, {Rϕ}ϕ∈π, λ).
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From Rota-Baxter Poisson T-algebras to
pre-Poisson T-algebras

Proposition 4.24

Let ({Aϕ}ϕ∈π, {µp,q}p,q∈π, {[, ]p,q}p,q∈π, {Rϕ}ϕ∈π) be a Rota-
Baxter Poisson T-algebra of weight 0. Define

a ?p,q b = Rp(a) ·p,q b, a ∗p,q b = [Rp(a), b]p,q

for a ∈ Ap, b ∈ Aq and p, q ∈ π. Then
({Aϕ}ϕ∈π, {?p,q}p,q∈π, {∗p,q}p,q∈π) is a pre-Poisson T-algebra.
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Further work

In [4], the authors gave a broad study of representation and
module theory of Rota-Baxter algebras. They provided the equiv-
alent characterizations of Rota-Baxter modules by using quasi-
idempotency and the ring of Rota-Baxter operators. And in [5],
many examples of Rota-Baxter paired modules were obtained
from the theory of Hopf algebras. In the forthcoming paper,
we will introduce the notion of Rota-Baxter T-modules and in-
vestigate its properties, especially pay more attention to the re-
lation between Rota-Baxter operator and Turaev’s Hopf group
(co)algebras.
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Dual cases

For the sake of completeness, we provide the coalgebra version
Throughout we assume that π is commutative semigroup.

tridendriform
T-coalgebra

Proposition 3.11+3
KS

Proposition 3.10

T-coalgebrasKS

Proposition 3.11

Rota-Baxter Lie
T-coalgebra

��
Rota-Baxter
T-coalgebra

Proposition 3.10+3 dendriform
T-coalgebra

+3 pre-Lie
T-coalgebra

Zinbiel
T-coalgebra

��

KS

Lie
T-coalgebra

��
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