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Rota-Baxter algebras

Rota-Baxter algebras were intensively studied in probability and
combinatorics, and more recently in mathematical physics, such
as free Rota-Baxter algebras, Lie algebras, multiple zeta val-
ues, differential algebras and Connes-Kreimer renormalization
theory in quantum field theory, etc.

One can refer to Li Guo’s book for the detailed theory of Rota-
Baxter algebras.

L. Guo, An introduction to Rota-Baxter algebra. Surveys of Mod-
ern Mathematics, 4. International Press, Somerville, MA; Higher
Education Press, Beijing, 2012. xii+226 pp. (Google Scholar Ci-
tations: 193 times)

MSC2020: 17B38 Yang-Baxter equations and Rota-Baxter op-

erators
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Based on dual method, Rota-Baxter coalgebras and bialgebras
were introduced. We note here the examples can be provided
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The notion of (semi-)Hopf group (co)algebra was introduced by
Turaev partly for reasons of homotopy field theory, which also

can be used to develop certain invariants of principal 7-bundles

over link complements and over 3-manifolds. Examples of (crossed)
m-categories can be constructed from Turaev’s Hopf group-coalgebras
(abbr. Hopf T-coalgebras): the category of representations of a
(crossed) Hopf T-coalgebra is a (crossed) w-category. When =

is abelian, a Hopf T-(co)algebra is a w-colored Hopf algebra due

to Ohtsuki.

@ V.G. Turaev, Homotopy field theory in dimension 3 and crossed
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@ V. G. Turaev, Homotopy quantum field theory. Appendix 5
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(EMS), Zirich, 2010. xiv+276 pp.
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Rota-Baxter (co)algebra

Definition 1.1

Let A € K. A Rota-Baxter algebra of weight )\ is an algebra A
together with a linear map R : A — A such that

R(a)R(b) = R(aR(b)) + R(R(a)b) + AR(ab)

for all a,b € A. Such a linear operator is called a Rota-Baxter
operator of weight \ on A.

Definition 1.2

Lety € K. A pair (C,Q) is called a Rota-Baxter coalgebra of
weight ~ if C is a coalgebra and linear map Q : C — C satisfies

(Q®Q)A = (id ® Q)AQ + (Q ® id) AQ + yAQ.

The map Q is called a Rota-Baxter cooperator of weight v on
C. 47/130




Contents

Rota-Baxter bialgebra

Definition 1.3

Let )\, v be elements in K and H a bialgebra (maybe without
unit and counit). A triple (H, R, Q) is called a (R, Q)-Rota-Baxter
bialgebra of weight (\,~) if (H,R) is a Rota-Baxter algebra of
weight A and (H, Q) is a Rota-Baxter coalgebra of weight .
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Rota-Baxter family algebra

Definition 1.4

A Rota-Baxter family algebra of weight )\ is a pair
(A, {R,},.ex) Where m is a Semigroup, A is an associative algebra
and {R, : A — A},c~ Is a family of linear operators such that

R,(a)Ry(b) = Rpy(Ry(a)b + aRy(b) + \ab),V a,b € A,p,q € . (1)

What we emphasize here is that the linear maps {R,},c~ are
only on one linear space A.
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Introduction  Rota-Baxter T-algebra

Rota-Baxter T-algebra

Definition 2.1

Let = be a semigroup and A € K. A Rota-Baxter T-algebra of

weight )\ is a quadruple ({A,}oers {1, }p.gers {Ry foer, A) (abbr.
(A,R)), where {A,} < is a family of vector spaces together with
a family of linear maps {114 : Ay®A; — Apg}pger (Write 1, 4(a®
b) = a-,4 b) and a family of linear maps {R, : A, — A,}oen
such that

Ipg,t © (Hp.g @ ida,) = fipqr © (idAp ® Hg,t) (2)

and

/J/p,q o (Rp & Rq) - qu o ,up’q o (Rp ® ldq T ldp (%9 Rq I )\ldp & ldq) (3)

for all p,q,t € .
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Introduction  Rota-Baxter T-algebra

Rota-Baxter T-algebra

If furthermore = is a monoid (i.e., a semigroup with a unit 1) and
there is a linear map n : K — A; such that

pp,1 © (ida, ® ) = ida, = p1p 0 (N ® idy,), (4)

then we call Rota-Baxter T-algebra (A, R) unital.
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Introduction  Rota-Baxter T-algebra

Rota-Baxter T-algebra

(1) If the semigroup 7 contains single element 1, then the Rota-
Baxter T-algebra is exactly the Rota-Baxter algebra of weight A.
(2) If (A, u,n) is an associative algebra, then Rota-Baxter T-
algebra ({A, = A}, {1pq = 1}, {Ry}, A) is the Rota-Baxter fam-
ily algebra of weight .

(3) E < ({Ag}, {1pq}) (abbr. A) is a T-algebra.

(4) If we set {A, = A}sen, then Eq.(2) is exactly the condition
for S-relative.
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Introduction  Rota-Baxter T-algebra

Rota-Baxter T-algebra

Rota-Baxter T-algebras can be constructed by Rota-Baxter T-
algebras in the following way.

Let (A,R) be a Rota-Baxter T-algebra of weight \. Define

R:={R, = —Xids, — R,}. (5)

Then (A, R) is also a Rota-Baxter T-algebra of weight .
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Introduction  Rota-Baxter T-algebra

Characterizations

In what follows, we provide two characterizations of Rota-Baxter
T-algebras. First we consider the Atkinson factorization [2] for
Rota-Baxter T-algebras.

Proposition 2.4

Let = be simigroup, A a T-algebra andR = {R, : A, — A,} a
family of linear maps. Assume that A € K have no zero divisor in
{A,}ser and define R as in Eq.(5). Then (A, R) is a Rota-Baxter
T-algebra of weight X # 0 if and only if, for any a € A,, b € A,
andp,q € m, there is an element c € A,, such that

Ry(a) p,g Rq(b) = Rpq(c), Rp(a) ‘pq Rq(D) = —Rpg(c).
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Introduction  Rota-Baxter T-algebra

T-quasi-idempotency

Definition 2.5

A family of linear maps R = {R, : A, — Ay},er is called T-
idempotent if Ré =Ry, V¢ € m. A family of linear maps R =
{R, : A, — A} er is called T-quasi-idempotent of weight A
if R2 = —AR,,V ¢ € .
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Introduction  Rota-Baxter T-algebra

T-quasi-idempotency

Proposition 2.6

Let = be a monoid, A a unital T-algebra and R = {R,
A, — Ayloer left A-linear in the sense that Ry, (a g b) =
a-pqRy(b),Y ac A,bec Ay,pg e m. Then (AR) is a Rota-
Baxter T-algebra of weight X if and only if R is T-quasi-idempotent
of weight \.

Proposition 2.7

Let (A,R) be a Rota-Baxter T-algebra of weight \. If R is T
idempotent, then

(1+ MRpg(a pg Ry(D)) =0, (1 + NRpy(Rp(a) p,gb) =0,
(14 A)(Rp(a) pg Ry(b) — ARpg(a -pq b)) =0,

foralla € A,, b€ A, andp,q € .
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Introduction  Rota-Baxter T-algebra

Examples

We will give some concrete examples from the algebras of di-
mensions 2,3 and 4.

Let = be a nonempty set and A an algebra. We denote A[r] =
ARKm, Ap = A® Ky, Vo € . If, further, 7 is a semigroup and
A is an algebra, then Ar] is a T-algebra with the tensor product
algebra structure, i.e.,

Lpg : Ap @ Ag — A(pq)
hp ® gq — (hg)(pq)

forallh,g € Aand p,q € .
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Introduction  Rota-Baxter T-algebra

Examples

The following result is an analogy of [3, Proposition 9.2].

Theorem 2.8

Let w be a semigroup, A an algebra and R : A — A a linear
map. For any ¢ € , define

R, : Ap — Ap
hp — R(h)p
forallh € A. Then (A, R) is a Rota-Baxter algebra of weight X if

and only if (A[r],R = {R,}) is a Rota-Baxter T-algebra of weight
Y
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Introduction  Rota-Baxter T-algebra

Examples

Remark 2.9

By the Theorem above, we can obtain Rota-Baxter T-algebra
(A[r],R) if (A, R) is a Rota-Baxter algebra of weight .
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Introduction  Rota-Baxter T-algebra

Examples

Next we provide another approach to construct Rota-Baxter T-
algebras.

Definition 2.10

Let (A, R) and (A, R) be two Rota-Baxter algebras of weight \.
A pair (R,R’) on A is called a Rota-Baxter pair of weight ) if

it satisfies
R(MR'(g) = R'(R(h)g + hR'(g) + Mhg), (6)
R/ () R(g) = R'(R'(h)g + hR(g) + Mhg), 7)

forall h,g € A.
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Introduction  Rota-Baxter T-algebra

Examples

(1) In particular, if (A, R) is a Rota-Baxter algebra of weight A,
then (R, R) is also a Rota-Baxter pair of weight ).

(2) If furthermore A is commutative, then (R,R’) is a Rota-
Baxter pair if Eq.(6) or Eq.(7) holds.
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Introduction  Rota-Baxter T-algebra

Examples

The following Rota-Baxter operators on the algebra of dimension
2 were studied by de Bragancga, by An and Bai, by Gubarev and
by Ma, Makhlouf and Silvestrov, et al.

Example 2.12 (Dimension 2)

We consider the 2-dimensional algebra A = K{uj,uz|u; - u; =
ui-uy = u;,i = 1,2,up -up = up }. Then the Rota-Baxter operators
on A of weight \ are

(@) R(u1) = —Auy, R(uz) =0,

(b) R(u1) =0, R(uz) = —Auy,

(c) R(m) R(uz) = —Auy,
(d) R(u1) = —Auz, R(uz) = —Auy,
(€) R(u) = R(

—)\Ml,

—)\ul, uz) = —)\ul,
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Introduction  Rota-Baxter T-algebra

Examples

() R(u1) = Auz, R(uz) =0,

(@ R(u1)=0, R(uz) = Auy — Aup,

(h)  R(u1) = =2 u; + Auz, R(uz) = —Auy,
(i) R(u) = —Aup — \up, R(up) = —Auy,

(i) R(ur) = —Auy + Auz, R(uz) =0,

(k) R(ur) = Aup — Aup, R(up) = Aup — Auy.
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Examples

Now we list some Rota-Baxter operators on the algebras of di-
mensions 3 and 4 given by Ma, Makhlouf and Silvestrov.

Example 2.13 (Dimension 3)

For the 3-dimensional algebra A = K{uy, uy, uz|u; - u; = w; - u; =
Ltl',i = 1,2,3,142 cUp = Up,Up - U3 = U3 - Up = U3, U3 - U3 = 0}, the
Rota-Baxter operators of weight A on A are

(@) R(u1) = —Auy, R(uz) = 0,R(uz) =0,

(b) R uy) = 0, R(uz) = —)\uz,R(u?,) = 0,

(c) R(u;) =0, R(uz) = O,R(u3) = —us,

(1)
(1)
(d) R(ul) = —)\I/t], R(ug) = —)\uz,R(ug) = 0,
() R(uy) =0, R(up) = —Aup, R(u3) = —Aus,
(f) R(uy) = —Auy, R(up) =0, R(u3z) = —us,
(g) R(ul) = —)\ul, R(uz) = —)\uz,R(M3) = —\uz,
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Introduction  Rota-Baxter T-algebra
Examples

(h) R(u1) = —Aup, R(up) = —Auz, R(u3) =0,

(i) R(u) = —Auz, R(uz) = —Aup, R(uz) = —Aus,
() R(um)=Auz, R(uz) =0,R(uz) =0,

(k) R(ur) = Aup, R(up) =0, R(uz) = —Aus,

() R(u1) =0, R(uz) = Auy — Aup, R(u3) =0,

(m) 7?,( 1) =0, R(up) = Auy — Aup, R(u3) = —Aus,
( = —2Xuj + Aup, R(up) = —Aup, R(uz) =0,

( = —2Xu; + Aup, R(up) = —Aup, R(uz) = —us,
( = —Au; — Aup, R(u ):—)\uz, R(uz) =0,

( R(uz) = R(u3) = —Aus,
( (1) = —=Auy + Aup, R(up) = ( ) =0,

( (1) = —Aup + Aup, R(up) = 0, R(u3) = —Aus,

us

= —Au; — Auy, u
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Examples

() R(u1) = —Aur, R(uz) = —Auy, R(uz) =0,

(U) R(u) = —Aup, R(uz) = —Auy, R(uz) = —Aus,

(V) R(ur) = Aur — Auz, R(uz) = Auy — Auz, R(uz) = 0,

(W) R(I/tl) = )\Ml — )\btz, R(uz) = )\l/tl — )\Ltz,R(ug) = —)\M3.
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Introduction  Rota-Baxter T-algebra

Examples

Example 2.14 (Dimension 4)

For the Taft-Sweedler algebra A = T, = K{u; = 1,up = g,u3 =
x,uqg = gx|g> = 1,x* = 0,xg = —gx}, its multiplication can be
given by the following table.

up | ux | uz | uy

up | g uz U3 | Ug

uy | Up ui Ug | U3
usz | Uz | —Uy 0 0

Ug | Ug4 | —U3 0 0
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Examples

The Rota-Baxter operators on A of weight A are given by
(@) R(uy) =0, R(uz) =0, R(u3) = —Auz, R(ug) = —Aug,
(b) R(u1) = —Aur, R(uz) = —Auz, R(uz) =0, R(usa) =0,
(€) R(u1) = —Aur, R(ua) = —dup,R(u3) = —Auz, R(ug) =

—)\u4.

(d) R(u;) =0,
R(uz) = —pius + pus — (’\+p1)(;+p’+p2)u3 o (Hp])_(Hm)M,
R(uz) = —p3ur + psuz — (2A + p1 + p2)uz + (A + p2)ua,
R(us) = —psur + p3ua — (A + p1 + p2)us + poua,

(E) R(ul) = —)\I/t],
R(uz) = (A +p1)us +prus — (A+p])()\+pl+p2)u + (/\+p1)(/\+p2)u4’
R(u3) = psur + psuz — (2A + p1 + p2)uz + (A + p2)us,
R(u4) = p3uy + p3uy — ()\ + p1 +p2)”3 + pauy,
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Examples

73(141) —)\ul,

R(uz) = Auy + pruz + £,
R(uz) = —(\ + p2)us — paua,
R(us) = (A + p2)us + paua,
R(up) = —)\ul,

1

R(up) = (>\+p1)u + (>\+p1)u4’
(I/t3) —pau; — pzuz — (2)\ +p1)u3 ()\ +p1)u4,
R(us) = pour + poup + (X + p1)uz + prua,

R(u1) = 1 \ur — 3Aup + pruz + pous,

R(u2) = Auy — Y\uz — pousz + pua,

R(u3) = —%m — L

R( ) = —j)\u3 - j)\l/l;‘..
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Examples

On the basis of the above examples, we have

Let A be the 2-dimensional algebra defined in Example 2.12.
Then

(@,¢), (a,d), (a,e),(a,)), (b; c), (b, d), (b,)), (¢, d), (¢, 8), (¢,]),

(d; i), (d,)), (d; k), (e,), (f; ), (),

)
)5 (B, ), (8,4), (i, k),
d), (f,c)

(8:4), (h:4); (i)
(¢,b),(d, ), (e,a),(e,b), (e;¢), (e,d), (f; ), (f, d), (¢ D), (8
(&, ), (h;¢), (h,d), (h.f), (i, ¢), (i,d), (s ), (s ), (), Gy ),

(k, c), (k,d), (k, i)
are the Rota-Baxter pairs (R, R’) on A of weight A,

, c),
d),
(
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Examples

where (a, c) represents (R,R’), and R, R’ take the case (a) and
case (c) respectively in Example 2.12, i.e.,

R(Ml) = —)\ul, R(Mz) = 0, R/(Lq) = —)\ul, R/(uz) = —)\uz.

Others are similar.
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Example 2.16

Let A be the 3-dimensional algebra defined in Example 2.13.

Then
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Examples

) )

(4,¢),(q,8):(q,7), (r,d), (r,8), (1, h), (r,7), (,]),
(s7g)7 (S7 l)’ (S7 k)7 (s7 0>7 (s’ r)’ <t7 a)7 <t7

are the Rota-Baxter pairs (R, R’) on A of weight \, where a — w
represent the cases (a) — (w) in Example 2.13.
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Examples

Example 2.17

Let A be the 4-dimensional algebra defined in Example 2.14.
Then

(@,¢), (bye), (c,a), (dic), (ec), (fic), (g¢) (hc)

are the Rota-Baxter pairs (R, R’) on A of weight A\, where a — h
represent the cases (a) — (h) in Example 2.14.

Remark 2.18

In Examples 2.15-2.17, we leave out the cases of (R, R) since it
can be seen as the special case of Theorem 2.8.
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Examples

Letw = {1,q} be a monoid with a unit 1 and ¢*> = q. Assume that
(A, R) and (A, R') are Rota-Baxter algebras of weight \. Define

Ry, : Al — Al, R,: Ag — Aq
hlz — R(h)1, hg — R'(h)q,

then (A[r],{R,}, \) is a Rota-Baxter T-algebra of weight X if and
only if (R, R') is a Rota-Baxter pair.

Theorem 2.19
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Examples

According to Theorem 2.19, each Rota-Baxter pair determines
a Rota-Baxter T-algebra of weight A, so by Examples 2.15-2.17,
we can get

Example 2.20

Let 7 = {1, ¢} be a monoid with a unit 1 and ¢> = q.
(1) Let A be the 2-dimensional algebra defined in Example 2.12.
Then (A[r],{R,},\) is a Rota-Baxter T-algebra of weight A,

where
R : Al — Al, R, : Ag — Aq
ul, — —dug 1, u g — —Auq,
upl, — 01, upq — —Aunq.

Other cases can be given similarly.
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Examples

(2) Let A be the 3-dimensional algebra defined in Example 2.13.
Then (A[x],{R,}, \) is a Rota-Baxter T-algebra of weight A, where

R, Al — Al; R, : Aqg — Agq
ul — —dugl; uiqg — —Au1q,
upl; — 01, urq — —Auaq,
w3l — 01, u3zq — 0Ogq.

Other cases are similar.
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Examples

(3) Let A be the 4-dimensional algebra defined in Example 2.14.
Then (A[r], {R,}, \) is a Rota-Baxter T-algebra of weight A, where

R : Al — Al, R,: Ag — Agq
ul,; — 01, ug — —Auq,
uyl, — 01, urq — —Aurq,
uzl, — —dusl, uzq — —Auzq,
ugly — —dugl, Usq — —Aqq.

Likewise we can obtain other cases.
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Rota-Baxter T-algebras, (tri)dendriform T-algebras

and T-algebras

The following diagram is commutative.

tridendriformProposition 2.29
>
T-algebra T-algebras

Proposition 2.25” Proposition 2.29

Rota-BaxterProposition 2.25 gendriform
T-algebra T-algebra.
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(Tri)Dendriform T-algebras

Motivated by algebraic K-theory, Loday invented the concept of
a dendriform algebra. Loday and Ronco introduced the concept
of a tridendriform algebra (previously also called a dendriform
trialgebra) in the study of polytopes and Koszul duality. We now
give the T-version.
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Dendriform T-algebra

Definition 2.21

Let = be a semigroup. A dendriform T-algebra is a family of
vector spaces {A,},c~ With a family of binary operations {<, ,
> pgt Ap @ Ay — Apglpger SUCh that fora € Ay, b € Ay, c € A,
and p,q,t € T,

(a<pgb) <pgrc=a=<pq (b=gctb4 c),
(@ >pgb) <pgec=a>pa (b=<4:0),
(@=pgbta=pgb) =pgic=arpgu(bg:c).

For simplicity, we denote it by ({Ay}per, {<p.g}p.gers {>p.atpger)
or (A, <, >).
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Tridendriform T-algebra

Definition 2.22

Let = be a semigroup. A tridendriform T-algebra is a family of
vector spaces {A,},c~ With a family of binary operations {<, ,
g ®pg - Ap @ Ay —> Apglpgen SUCh that for a € Ay, b € Ay,
c € A;and p,q,t € T,

(@=pgb) <pgrc=a<pg (b=<gictbr4ctbeyc),
(@=pgb) <pgic=a=pg (b=4:0),
(a=<pgbtarpgb+ae,,;b)-pc=arpu(b=q:c),
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Tridendriform T-algebra

(a=pgb)epgic
(a <pqb)epgic
(a®pqb) <pgsc

(aepyb)ep:c

a=pqr (begsc), (8)
ae,q(bg4:c0), 9)
ae,q (b =<g4;c), (10)
ae,q (be,,c). (11)

For simplicity, we denote it by ({A,}oer, {<p.q}p.gems {>p.atpgen

{.qu}quEW) or (Aa =, =, .)'
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Remark

1) If = contains a single element (i.e, « is trivial), then a
tri)dendriform T-algebra in Definition 2.21 (2.22) is exactly a
tri)dendriform algebra.

2) (Tri)dendriform T-algebra is different from (tri)dendriform fam-
ily algebra.

(
(
(
(
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From tridendriform T-algebras to dendriform
T-algebras

Proposition 2.24

Let (A,<,>,e) be a tridendriform T-algebra. Then
({AsYpem> {=pgtpaem: {mpqtpqen) is a dendriform T-algebra,
where the new operations {<,, ,, =, ,: Ap ® Ay — Apg}pger are
defined by

/ /
a<p7qb:a<p,qb—|—aop,qb, a>p7qb:a>p,qb

forac A, bcA,andp,qc .
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From Rota-Baxter T-algebras to (tri)dendriform

T-algebras

Proposition 2.25

Let m be a semigroup. (1) A Rota-Baxter T-algebra (A,R)
induces a tridendriform T-algebra ({Ay}eer, {=<pqtp.gen: {=pyq

}paens {®p.a}pqen), where
a<pgbi=apaRyb), arpsb:=Ry(a) pgb
aep,,b:=MXa,,b.

(2) A Rota-Baxter T-algebra (A,R) induces a dendriform T-
algebra ({Ay}oer, {=p.qtpgers {=p.atpager), where

a=pgb=ap,Ryb)+Xapgb, a=,,b:=R,(a)p,b.
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Examples

Example 2.26

By Proposition 2.25 and Example 2.20, we can obtain a variety
of ways to construct (tri)dendriform algebras of A[x] with differ-
ent dimensions.

(1) The new structures of tridendriform T-algebra on A[r] (where
A is given in Example 2.12) can be defined by

uily < uig = —dupq,u1 1l > ujg = —Auyq,ul; e ujg = Auyq,
uil; < upg = —Aupq,u1l; = upg = —Aupq, u1l; @ upg = \upq,
wl; < ujg = —Aupq,uxl; = uiqg = —Aurq,upl; @ ujg = \upq,
wrly < upq = —Auaq,up 1 = uog = —Aupq, uz 1 ® urq = Aupg,
ug <X uly = =Auiq,u1q > ujl, = —Aupq,u1g e uyl; = \uyq,
uiqg < uply = —Aupq,u1q > upl, = —Aupq,u1q @ uxl; = \upq,

urq < uily; = —Aupq,upg > uil, = —Aupq, upg e ujl,; = )\uzq717'130




Introduction  Rota-Baxter T-algebra

Examples

urg < Uzl = —Auaq,urq = uplx = —Aupq, uag ® uz 1 = g,

uply <ugly = Al uly = uly = —Augl,uglyoupl, = Auply,
uily < uply = Aol ugly = uply, = —Aupl o ugloupl, = Aupl
wly, <uly = Al uply = uly = Al upl oupl, = duply,
wly <uply = =gl uply = uply = —dupl upl eupl, = dupl

Ulg < u1q = —Aupq,u1q = u1q = —Aupq,u1q ® ujq = \u1q,
ulq < upq = —Aupq,u1q = upg = —Aupq, U q ® urq = Aurq,
Upq < U1q = —Aupq, Unq > U1q = —Arq, Urq ® U q = Airq,
Urq < g = —Aupq, Urq = Uupq = —Auaq, urq ® g = Aaq.
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Examples

(2) The new structures of tridendriform T-algebra on A[r] (where
A is given in Example 2.14) can be defined by

ul; < ujg = —Auiq, uil; = ujg = —Auyq,

urly e u1qg = Aurq, uylyz < u2q = —Auag,

uil; = upg = —Aupq, uil; @ upg = Aung,

uil; < usqg = —Auzq, uil; > usqg = —A\uzq,

url; e uzqg = Auzq, uil; < ugqg = —Auygq,

urly > usg = —Auaq, uyly; @ uyqg = Auygq,
P1p2
A+ p2

wply < urg = —Auaq, uply = u1q = Auog + prusq + uaq,

wlreouiqg = Aupq, upl; < urqg = —Auyq,

pPip2
urly = urq = A\u1q — p3usq — uzq, uyl; @ ung = Auyq,
A+ po

wls <uzq = —Augq, uply = uzq = Auyg,
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Examples

urlr @ uzq = Augq, uxly; < usq = —Auzq,
upln = usq = Auzq, uply @ usg = Auzq,
uzly < ujqg = —Ausq, uzly = ujqg = —(\+ p2)uzqg — paruagq,
w3l e uiqg = Auzq, usl; < upq = Auyg,

uzly = urg = (N + p2)uag + pauszq, uzl; @ upg = —Auagq,
ugly < u1q = —Auaq, ugly =1, g u1q = (X4 p2)usq + pausq,
ugly @ urq = Augq, ugly < urg = Ausq,

uglye = uaq = — (N + p2)usq — pausq, usly @ urg = —Ausq,
urg < uly = —Auiq, uiq > uil; = —Auyq,

P1p2
)

uig o uily = Auiq, uig < uply = Aupg + pruzq + usq,
urq = uply = —Aing, u1qg e uxl, = \ung,
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Examples

urq < uzly = —(A+p2)usq — pouaq, u1q = uzly; = —Auzq,
urg @ uzly = Auzq, u1q < ugly = (X + p2)uszq + pruaq,
u1q = ugly = —Augq, u1q @ ugl = Auygq,

urq < uly = —Aupq, upq = uylyz = —Aupg,
pip2
A+ po

urq ® uyly = Nuaq, upq < uply = Aurq + pruag + uzq,

urq = uply = —Auyq, upg e upl,; = Auygq,

urg < uzly = —(A + pa)uaq — pausq, urg = uzlz = —Auagq,
urq @ uzly = Auaq, upq < usly = (X + p2)uaq + pausq,

urq > ugly = —Auzq, urq @ ugl = Auzq,

uzq < uyly = —Auzq, uzq > ujl; = —Auzq,

uzq e upl, = Auzq, uzq < upl, = —Auugq,
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Examples

uzq = uply = Augq, usqg e upl, = —Auygq,
ugq < uily = —Auaq, usq > ujl; = —Auygq,
ugq ® uyl = Augq, usq < upl,; = —Auzq,
usq = uply = Ausq, ugq e upl, = —Auzq,

uily <uply = =dugly, uily =uly, = —=Auply,
pPip2
)

uplpouly = Auyly, uly <uply = Auoly + pruzly; + ugly,

uily = uply = —Auply, uply eupl,, = Auply,

uly <uzly = —(A+pusly —pougly, uyly = usly = —dusly,
ulpouzly = dusly, ugly < ugly = (N + pr)usly + pougly,
uily = ugly = —Augly, upl; e ugl; = Augly,

62/130



Introduction  Rota-Baxter T-algebra

Examples
_ _ P1p2
wly <uply, = =Auply, uply = ul; = Aupl + pruzl; + e ugl,
2
_ _ P1DP2
wlroul, =Auply, uply <uply = Auply + prugl; + A usl,,
2

Pip2
A+p2
uply < uzl,; = —()\ +p2)u417r + pously, uply = uzly = Augly,

wly = uply, = Aul; — prugl, — usl, upl @upl = duyly,

wplrouzly = Augly, uply < ugly = (N + po)ugly + prusly,

wle = ugly = Auzly, uply @ugl, = Auzly,

usly <uply = —dusly, uzly = uply = —(\ + po)uzly — pougly,
w3l ouily, = Ausly, usly < uply = —Augly,

uzle = uply = (N +p2)ugly + pously uzly o 1 uole = —Augly,
ugly < uply = —Augly, ugly = uly = (A + p2)uzly + pougly,
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Examples

gl ouil, = Augly, ugly < uply = —Auszly,
ugly = uply = —( A+ plusly — pouslp usl ouply, = —Ausly,
uig < Urg = —Au1q,u1q = u1q = —Au1q,

uig ® u g = Au1q, uiq < upq = —Auaq,

u1q = urq = —Aurq, u1q ® urq = Airg,

ulq < uzq = —Auzq,u1q > uzq = —Ausq,

urq ® u3q = \uzq, u1q < usq = —Augq,

Urq > usq = —Augq, u1q ® usq = Ausq,

urq < u1q = —Auaq, u2q > u1q = —Auag,

Urq ® u1q = Airq, urq < urq = —Auq,

Urg = Urg = —Au1q, uzq ® urq = \uq,
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Upq < U3q = —Auaq, Unq = U3q = —Auaq,
Urq ® u3q = Auaq, Urq < usq = —Auzq,
Urq = usq = —Auzq, urq ® usq = Auzq,
usq < urqg = —Auzq, usq > u1q = —Ausq,
usqg ® u1q = Auzq, uzq < urq = \uaq,

uzq = urq = Auaq, u3q ® urq = —Auaq
usg < u1q = —Auaq, usq = u1q = —Auaq,
usq ® u1q = Auaq, usq < urq = Auzq,

usq > Urg = Auzq, usq ® urqg = —Auzq.

The operations for the remaining cases are 0.
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Examples

(3) Based on Proposition 2.24 and (1), (2) above, we can get
new structures of dendriform T-algebra on A[r], where A are
given in Example 2.12 and Example 2.14, respectively.
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Corollaries

Corollary 2.27

A Rota-Baxter algebra (A, R) induces a dendriform algebra
(A, <, =), where

a<b:=aR(b)+ Xab, a>b:=TR(a)b

fora,b € A.

Remark 2.28
If A =0 in Corollary 2.27, then we obtain [1, Proposition 4.5].
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From (tri)dendriform T-algebras to T-algebras

Proposition 2.29

(1) Let (A, <,>) be a dendriform T-algebra. Then ({A,}eer,
{op.g}pqer) is a T-algebra, where {c, , : A, ® Ay — Apg}p.ger

aopgbi=a<,,b+a~,,b, foracA,becA,.

(2) Let (A, <, -, ) be a tridendriform T-algebra. Then ({A,}yer,
{op.q}p.qer) is a T-algebra, where {o, , : Ay ® Ay — Apq}p.gens

aopgbi=a<,,b+ae,,b+a>~,,b, foracA,bcA,.
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Remark

Remark 2.30

We can get many new T-algebra structures on A[r] by Proposi-
tion 2.29 and Example 2.26.
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Examples

(1) In general, according to Part (1) in Proposition 2.29, com-
mutative dendriform T-algebras induce commutative T-algebras.
The following example comes from (3) in Example 2.26 which
shows that noncommutative dendriform T-algebra can also in-
duce commutative T-algebra.

The new structure of T-algebra on A[x]| (where A is given in
Example 2.12) can be defined by

ulzourg =uqouly = —duoq, uylz o uog = urq o uyl; = —Auag,
wlzoug=uqouly = —Auaq,uxlz o urg = upq o ual; = —Aupg,
uilyoul, = —dupl,uily ol =l ouly, = —Auply,

wlzouly = —Auglz,u1q o urg = Aujq — 2Auzg,

Urq © Urq = —Aunq, u1q © Uaqg = Urq © u1q = —Aaq.
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Examples

(2) The following example comes from (4) in Example 2.26 which
shows that noncommutative dendriform algebra can also induce
noncommutative T-algebra.

The new structure of T-algebra on A[x| (where A is given in
Example 2.14) can be defined by

urlz ourg = urqourly = —Auiq,u1l; o uog = urq o u1 1 = —Aug,
urlz ouzq = uzq o urly = —Auzq,url; o usg = usq o 1l = —Auyg,
P2
wlroug=uqouly = Aurg + pruzq + )\p+pp2 uaq, up 17 o usqg = Ausq,

P2
Ul o upq = Au1q — p3usq — Pip usq, uplr o usq = Auagq,

A+ po
usg 0wl = —duzq,u3lz ourg = u1q o uzly = —(\ + p2)usq — pauag,
P1p2
A+ p2

urq o uplx = Aujq + prusg + uzq, u3q o uply = —Auaq,
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Examples
uzlyz o upq = —upq o uzly = (A + p2)uaq + pausg, ur 1z o urlz = —Aup 4,
ugly o urq = u1q o ugly = (A + p2)usq + pauaq,
—ugly 0 Urq = urq o ugly = (N + p2)uaq + pausq,

wlyouzly = (A= p2)ugly + prusly,

urly ouply = uply ourly = Augly + pruzly + pip2 ugly,
A+ po
uly ouzly = uzly ourly = —(A+p2)usly — pougly,

wlrougly = —uglyouply = (N+polualy + 2N+ p2)usly,
uslpouly =ulzoualy = (AN +p2lusly + pougly,

U1q O Urqg = urq O U1q = —Auzq, U1q © u3q = u3q > u1q = —Ausq,
UG O Usqg = usq O U1q = —Auaq, —Uzq O Uusqg = Uaq © urq = Auzq,
uigourg = —Au1q,urg o upq = —Au1q,upl o uply = 3dupl,
—upq o uzq = uzq o urq = \uaq, uzly ouply = (=\ + pa2)ugl; + pruzl.

The operations for the remaining cases are 0.
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From Rota-Baxter T-algebras to T-algebras

Corollary 2.32

Let (A,R) be a Rota-Baxter T-algebra. If we define a new multi-
plication {o, 4 : Ay @ Ay — Apg}pgen bY

aopgb=a,4Rb)+R(@) pgb+Aa-p,b

fora € A,, b e A, andp,q € . Then ({A,}oer, {0pq}p.ger) IS @
T-algebra.

For a Rota-Baxter T-algebra (A,R), we have R,(a) -p4 Ry(b) =
Rpq(a opq b).
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Rota-Baxter Hopf T-algebras

Definition 3.1

Let 7 be a semigroup. A Rota-Baxter T-algebra (A,R) is a
Rota-Baxter semi-Hopf T-algebra denoted by (A, A, R) if ev-
ery {A,}oer is a coalgebra with comultiplication A, such that
{1p.q}p.qer are coalgebra maps and R, is a Rota-Baxter cooper-
ator.

If, furthermore, 7 is a monoid with unit 1, and Rota-Baxter T-
algebra is unital such that n : K — A, is a coalgebra map, then
we call Rota-Baxter semi-Hopf T-algebra unital.

Let 7 be a group. A Rota-Baxter Hopf T-algebra denoted by
(A, A,R,S) is a unital Rota-Baxter semi-Hopf T-algebra together
with a family of linear maps {S, : A, — A1 },er such that

Ho=tp © (Sp @ida,) © Ay = nep = iy o1 © (ida, @ Sp) 0 Ay,
Spo Ry =R,1 05,
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Rota-Baxter Hopf T-algebras

(1) Rota-Baxter Hopf T-algebra (A, A,R,S) includes a Hopf T-
algebra (A, A, S).

(2) If (A, 1, m, A, €,8S) is a Hopf algebra, then we call Rota-Baxter
HOpf T'algebra ({ASD = 'A}7 {vatl = ﬁ}7 {RSD}v )" {ASO = A}7 {EW =
£}, {S, = S}) a Rota-Baxter family Hopf algebra of weight \.
(8) If # = {1}, then we call Rota-Baxter Hopf T-algebra
(A1, 10, Ri, N\ AL e, S1) is a (R, Ry)-Rota-Baxter Hopf alge-
bra of weight \. We note here (R;, R, )-Rota-Baxter Hopf alge-
bra of weight \ is a (R, R;)-Rota-Baxter bialgebra of weight A
together with antipode S; such that S; o Ry = R; o ;.
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Rota-Baxter Hopf T-(co)algebras

Examples

Let 7 = {1,4} be a monoid with a unit 1 and ¢*> = q.

(1) Let A be the 2-dimensional algebra defined in Example 2.12.
For all ¢ € 7, define A, : Ap — Ap by A(hy) = hy ® hop,
YV h € A. Then (A[r], A,R) is a Rota-Baxter semi-Hopf T-algebra
of weight A with {R,} given by

Ry, Al — Al, R, : Ag — Aq
Ul — —Aupl, uqg — —Auyq,

uyl, — 01, Urq — —Airq
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Rota-Baxter Hopf T-(co)algebras

Examples

or

or

Ry, Al — Al,

Ry

™

upl, — 01,
Uyl — —Aupl

Al — Al,

Ul — —dugl,
Ul — —)\I/tzl7r

R, : Ag — Agq
urg — —Auiq,
Urq — —Airq

R, : Ag — Aq
urq — 0gq,
Urq — —Auaq.
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Rota-Baxter Hopf T-(co)algebras

Examples

(2) Let A be the 3-dimensional algebra defined in Example 2.13.
For all ¢ € 7, define A, : Ap — Ap by A(hp) = hy ® ho,
V h e A. Then (A[r], A,R) is a Rota-Baxter semi-Hopf T-algebra
of weight A\ with {R,} given by

Ry, : Al — Al, R, : Aqg — Aq
urly — —Aupl; urq — —Auyq,
uyl, — 01, urq — —Arq,
uzl, — 01, usg — Ogq

or

Ry, : Al — Al; R, : Aqg — Aq
uly — —dupl, u g — —Au1q,
upl — 01, Urq — —Alaq,

usl, — 01, uzq — —Auzq
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Rota-Baxter Hopf T-(co)algebras

Examples
or
Ry : Aly — Al Ry : Aqg — Aq
ul, — 01, u g — —Auq,
Uyl — —Aupl urq — —Aunq,
uzl, — 01, uzq — Ogq
or
Ry : Aly — Al Ry, Aqg — Aq
upl, — 01, u g — —Au1q,
Uyl — —Aupl urq — —Aoq,
uzl, — 01, uzq — —Auzq
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Rota-Baxter Hopf T-(co)algebras

Examples
or
Ry, Al — Al, R,: Ag — Aq
ul, — 01, uiqg — —Au1q,
uyl, — 01, upq — QOgq,
uzl, — —Auzl; u3q — —Ausq
or
Ry, Al — Al, R,: Ag — Aq
upl, — 01, uiqg — —Au1q,
uyl, — 01, urq — —Auaq,
usl, — —Auzl, u3q — —Ausq
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Examples

or

or

Rota-Baxter Hopf T-(co)algebras

R]ﬂ : .Alﬂ— — .Al7r

™

ul, — —Aupl,
Uyl — —Aupl
u31ﬂ- — Olﬂ-

Al — Al

upl, — 01,
Uyl — —Aupl,
uzly — —Auzl,

R, : Ag — Aq
u g — —Auig,
Urq — —Airg,
uzq — —Auzq

R,: Ag — Aq
u g — —Auig,
urq — —Airg,
uzq — —Auzq
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Rota-Baxter Hopf T-(co)algebras

Examples
or
Ry : Aly — Al Ry : Aqg — Aq
ul, — —Aupl, u g — —Au1q,
Uyl — 01, urq — —Auoq,
uzl, — —Auzl, uzq — —Auzq
or
Ry : Aly — Al Ry Aqg — Aq
Ul — —dupl, urq — 0gq,
uply, — —Aupl, urq — —Aoq,
w3l — 01, usq — Og
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Examples

Rota-Baxter Hopf T-(co)algebras

or

or

le : Alﬂ — Alw

™

upl, — 01,
Uyl — —Aupl

uzl, — —Auzl;

Al — Al

Ul — —Aupl,
upl, — 01,

usly, — —Auzl,

R, : Aqg — Aq
urq — Og,
urq — Og,
usq — —Auzq

R,: Ag — Aq
urg — Og,
urq — Og,
u3q — —Auzq
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Rota-Baxter Hopf T-(co)algebras

Examples
or
Ry : Al — Al, Ry : Aqg — Aq
Ul — —Aupl, urq — Oq,
Uyl — —Aupl upq — Oq,
uzl, — —Auzl; uzq — —Ausq
or
Ry, Al — Al; R, : Aqg — Agq
Ul — —dupl, urq — 0gq,
Uyl — —Aupl urq — —Aoq,
usl, — —Auzl, uzq — —Ausq.
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Rota-Baxter Hopf T-(co)algebras

Examples

(3) Let A be the 4-dimensional algebra defined in Example 2.14.
For all ¢ € 7, define A, : Ap — Ay by A(hp) = hp ® ho,
V' h e A. Then (A[r], A, R) is a Rota-Baxter semi-Hopf T-algebra
of weight A with {R,} given by

R : Al — Al, R, : Ag — Agq
url; — 01, uig — —Auyq,
upl,; — 01, urq — —Auaq,
uzl, — —Auzl; uzq — —Ausq,

gl — —Augl Usq — —Aaq
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Examples

or

or

Rota-Baxter Hopf T-(co)algebras

R]ﬂ, : .Alﬂ- — .Alﬂ-

R,

Ky

uly — —dupl,
Uyl — —Aup 1,
uzl, — 01,
ugl, — 01,

Al — Al

uily, — —Augl,
e — —Aupl,
usl, — —Auzl,
ugly — —Augl,

Ry

: Ag — Ag

urg — —Auiq,
urg —> —Airg,
uzq — —Auzq,
usq —r —Auaq

: Ag — Ag

urq — Og,
urq — Og,
usq — —Auzq,
Usq — —Aaq.

86/130



Rota-Baxter Hopf T-(co)algebras

Rota-Baxter Hopf T-coalgebras

Definition 3.4

Let # be a semigroup and v € K be given. A
Rota-Baxter T-coalgebra of weight ~ is a quadru-
ple. ({Colper, {Bpgtpgen; {Qplper,7) (abbr.(C,Q)), where
{Cy}yer is a family of vector spaces together with a family of
linear maps {A,, : Coy — C, ® Cy}pqer and a family of linear
maps {Q, : C, — Cy,}.er SUch that

(Apvq ® idCf)quJ - (ide ® Aq,t)Apyqtv 12)
(Qp ® Qq)Apﬂq = (ide ® Qq)Ap,quﬁq + (Qp ® iqu)Ap,qu,q + VAMQ[J q>

where p, g,t € 7.
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Rota-Baxter Hopf T-(co)algebras

Rota-Baxter Hopf T-coalgebras

If moreover 7 is a monoid with unit 1 and there is a linear map
e : C; — K such that

(idc, ® €)Ap1 = idc, = (¢ ® idc,) A1,

then we call (C, Q) counital.

88/130



Rota-Baxter Hopf T-(co)algebras

Rota-Baxter Hopf T-coalgebras

(1) If the semigroup 7 contains a single element 1, then Rota-
Baxter T-coalgebra (Ci,A;1,01,7) is exactly the Rota-Baxter
coalgebra of weight .

(2) If (C,A,¢e) is a coassociative coalgebra, then Rota-Baxter
T-coalgebra ({C, = C},{A,4, = A}, {0,},7) is called a Rota-
Baxter family coalgebra of weight ~, which is a dual to the
Rota-Baxter family algebra of weight .

(3) Eq.(12) means that Rota-Baxter T-coalgebra (C, Q) includes
a T-coalgebra ({C.}, {Apq})-
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Rota-Baxter Hopf T-(co)algebras

Dendriform T-coalgebras

Definition 3.6

Let = be a semigroup. A dendriform T-coalgebra is a fam-
ily of vector spaces {C,}.cr With a family of binary operations
{Ap g Avpy 0 Cog — Cp ® Cy}pqen satisfying the following
conditions (for all p, g, t € )

(Apg ®idc,)Apgs = (idc, @ Azgt) Azp g + (idc, ® Dy i) Aspgr,
(Aspg ®idc,) Apgs = (idc, @ Dzgt) Avp g
(Aspg ®idc,)Aspgi + (Aspg @ ide,) Aspgs = (idc, @ Arg i) Aspgr-

For simplicity, we denote it by
({C(P}@Ewa {A<p,q}p,q€ﬂ’7 {A>-p,q}p,q€7r) (abbr' (C7 A<’ A>—))
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Rota-Baxter Hopf T-(co)algebras

Dendriform T-coalgebras

If = contains a single element 1, then (Ci,AL,, =
A1, Ay = Asy1) is dendriform coalgebra.
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Rota-Baxter Hopf T-(co)algebras

Tridendriform T-coalgebra
Definition 3.8

Let # be a semigroup. A tridendriform T-coalgebra is a fam-
ily of vector spaces {C,}.cr With a family of binary operations
{Ap g Avp gy Depy 1 Cpg — Cp @ Cy}p ger Satisfying the follow-
ing conditions (for all p, ¢,t € )

(A'<P¢I ® idCr)AﬂJq,t
= (idcp & A-<q,t)A-<p7qt + (ide & A%q,t)A-ﬁ),qt + (idcp ® AOLI,I)A-W#”
(A>-P7l1 ® idCr)Aﬂ'q,t = (idcp ® A<q,t)A>p,qt=
(A<p7q ® idCt)AH?qJ + (Aw,q ® idCr)AH?q,t + (A-p,q ® idCr)AquJ
= (idcp ® Ay gi) Asp gt
(Aspg @ idc,) Aapg,r = (idc, @ Deagt) Aspgr,
(Azpg @ idc,) Aapg = (idc, @ Dsg1) Aepgr,
(Aep,g ® idc,) Azpg = (idc, ® Azgr) Aepgr,
(Aepg ®idc,)Aepgs = (idc, @ Negt)Depgt-
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Rota-Baxter Hopf T-(co)algebras

Tridendriform T-coalgebra

For simplicity, we denote itby ({Cy }per, { A=p.gtpger, {Dspgtpger
{Aepgtpqer) (@bbr. (C, AL, AL A,)).
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Rota-Baxter Hopf T-(co)algebras

Tridendriform T-coalgebra

Remark 3.9

If = contains a single element 1, then (Ci,AL,, =
A1, A pg = Avi1, Aep g = Aer1) is tridendriform coalgebra.
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Rota-Baxter Hopf T-(co)algebras

Relations

Proposition 3.10

Let w be a semigroup. (1) A Rota-Baxter T-
coalgebra (C,Q) induces a dendriform  T-coalgebra

({Cy}per; {A<patpgens {Dspgtpqer), where

Apqlc) = cp) ® Qqlcg) +7¢(1,p) ® C2,9), Drpyg(c)
= Op(c(1p) ® C2,9)>

here we write A, ,(c) = c(1 ) ® coq), forallc € Cpy andp,q € .
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Rota-Baxter Hopf T-(co)algebras

Relations

(2) A Rota-Baxter T-coalgebra (C, Q) induces a tridendriform
T-coalgebra ({Cy}per, {A<pqtpger, {Arpatpaen; {Depatpgen);
where

A-<p q( ) = c(1,p) ® Qylc Zq)) Ay pglc)

here we write A, ,(c) = c(1 ) ® c(2,4), forall c € C,; and p, g € .
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Rota-Baxter Hopf T-(co)algebras

Relations

Proposition 3.11

Let T be a semigroup. (1) Let
({Cotoen {A<patpgen: {Arpatpqer) be a dendriform T-
coalgebra.  Then ({C,}eer,{Aopglpqer) iS a T-coalgebra,
where {Acp.q : Cog — Cp @ Cylpger,

AOP#(C) = A<p,q(c) + A>‘P=‘](C)

forallc € C,y andp,q € .
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Rota-Baxter Hopf T-(co)algebras

Relations

(2) Let ({C<p}<pe7r,{A-<p,q}p,q€7rv{A>p,q}17,q€ﬂ'v{A'P:q}l’aqe”) be a
tridendriform T-coalgebra. Then ({Cy,}eoer, {Aopgtpger) is a T
coalgebra, where {A,, , : Cpy — Cp @ Cy}pgen

Aopg(c) = Aspglc) + Aepglc) + Aspyle)

forallc € Cpy and p,q € .
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Rota-Baxter Hopf T-(co)algebras

Rota-Baxter Hopf T-coalgebras

Definition 3.12

Let = be a semigroup. A Rota-Baxter T-coalgebra is a Rota-
Baxter semi-Hopf T-coalgebra denoted by (C,u,Q) if ev-
ery {C,}ycr is an algebra with multiplication p, such that
{A,4}p.qex are algebra maps and each Q,, is a Rota-Baxter op-
erator, i.e.,

0y (a)0,(b) = 0, (Qp(a)b + aQ,(b) + vab), Ya,b € C,,.
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Rota-Baxter Hopf T-(co)algebras

Rota-Baxter Hopf T-coalgebras

If, moreover, 7 is a monoid with unit 1, and Rota-Baxter T-coalgebra
is counital such that ¢ : C; — K is an algebra map, then we call
Rota-Baxter semi-Hopf T-coalgebra counital.

Let = be a group. A Rota-Baxter Hopf T-coalgebra denoted
by (C,u,0,S) is a counital Rota-Baxter semi-Hopf T-coalgebra
together with a family of linear maps {S, : C, — Cy-i}yer
such that

fo © (Sp ®idc,) 0 Ayt , = NpE = iy 0 (idc, ® Sy) 0 Ay, -1,
Q(p—l o Scp = Sgo o ng-
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Rota-Baxter Hopf T-(co)algebras

Rota-Baxter Hopf T-coalgebras

(1) Rota-Baxter Hopf T-coalgebra (C, i, O, S) includes a Hopf T-

coalgebra ({Cy}, {Ap 4} €, s {1}, €4, So)-

(2) If (A, u,m, A g,S) is a Hopf algebra, then we call Rota-Baxter
Hopf T-coalgebra ({A, = A}, {A,, = A} {Qu}. 6,7, {pny =
vt {n, = n},{S, = S}) a co-Rota-Baxter family Hopf alge-
bra of weight .

(8) If = = {1}, then the Rota-Baxter Hopf T-coalgebra

({C1}7{A1}7{Q1}75777 {Ml}a{nl}a{sl}) is a (Qlan)'ROta'
Baxter Hopf algebra of weight .
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Other T-versions

T-versions

tridendriformProposition 2.29
==
T-algebra T-algebras

Proposition 2.25W Proposition 2.29
Rota-BaxterProposition 2.25 gendriform
T-algebra T-algebra.
Zinbiel Rota-Baxter Lie
T-algebra T-algebra
Proposition 4.15W Proposition 4,13ﬂ

dendriform _Proposition 4.3  pre| je
:>
T-algebra T-algebra

Proposition 4. ISW Proposition 4,10ﬂ
Zinbiel Lie
T-algebra T-algebra

From now on we assume that the 7 is commutative semigroup.
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Other T-versions

Commutative T-algebras

Definition 4.1

A commutative T-algebra is a T-algebra ({Ay}oer, {1p.q}p.qen)
satisfying

a-pgb=b-ra, (13)

foracA,, beA, andp,q c .
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Other T-versions

Pre-Lie T-algebras

Definition 4.2

A pre-Lie T-algebra is a family of vector spaces {A,} < with a
family of binary operations {x,, : A, ® A; — Apy}p gex SUCh that

axpar (b*qrc) = (axpgb)*pgrc=Dbxgp (axp;c) = (bxgpa)*gp:c,

fora € Ay, b € A;, c € A, and p,q,t € m. We denote it by
({Ap}per; {*p.g}pger)-
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Other T-versions

From dendriform T-algebras to pre-Lie T-algebras

Proposition 4.3

Let ({Ag}oer {=pgtpgers{pqlpqer) be a dendriform T-
algebra. Then ({Ay}oer, {*pqtpqer) IS @ pre-Lie T-algebra,
where {*,,: Ay ® Ay —> Apq}p.qen defined by

axpgb=a>,,b—b=<,,a,

foracA,, becA,andp,q € 7.
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Other T-versions

Remark

Remark 4.4

New constructions of pre-Lie T-algebra can be obtained by
Proposition 4.3 and Example 2.26.
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Other T-versions

Examples

Example 4.5

(1) In general, according to Proposition 4.3, commutative den-
driform T-algebras induce commutative pre-Lie T-algebras. The
following example comes from (3) in Example 2.26 which shows
that noncommutative dendriform T-algebra can also induce com-
mutative pre-Lie T-algebra.

The new structure of pre-Lie T-algebra on A[r]| (where A is given
in Example 2.12) can be defined by
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Other T-versions

Examples

uily xurqg = u1q*xuly = —Auq, uily xupg = upg x uy 1 = —Aupg,
wly xuqg =u1q *url; = —Aung, wlyr xupqg = upq * upl; = —Aung,
uile xuply =l xuply = —Auply, u1q*upqg = upg * u1g = —Auaq,
uly xuly, = —dugly, wq*uig=—>ugq, wly xuply = —Auply,

Urq * urq = —Aung.
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Other T-versions

Examples

(2) The following example comes from (4) in Example 2.26 which
shows that noncommutative dendriform T-algebra can also in-
duce noncommutative pre-Lie T-algebra.

The new structure of pre-Lie T-algebra on A[r| (where A is given
in Example 2.14) can be defined by

urly xurg = urg * ulz = —Auyq, url; * urq = uog * uy 1o = —Aurg,
urlz xusq = uzq * uy 1 = —Auzq, ur 1 * usq = uaq * uy 1 = —Auag,
wly xug =uqgxupl; = —Aung,
2p1p2
Ul % upqg = —Auyq — p3uaq — prusqg — usq,
A+ po
urg x uply = —Aurq, upl % usq = 3Auaq, u3q * uo 1 = Auaq,
Ul * ugq = 3\uzq, usq * up 1 = Auzq, uzly x u1q = u1q * uzlz = —Auzq,

uzly * urg = (A + 2p2)uaq + 2pouzq, urg * uzly = —Auag,
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Other T-versions

Examples
ugly xurq = u1q * ugly = —Auyq,
ugly * upq = —2(\ + p2)uaq — (A + 2p2)usgq,
urg x ugly = —Auzq,uy 1z x uply = —Auply,
u117r * Lt217r = l/l217r * u117r = —/\Ltzlm
uily xusly, =uzly xujly = —Auglp,ugly xugly = ugly; *xugly, = —Augly,
2
wly xupl, = —Auply; — 2prugl, — el uzlye, uply xusly = 3Augl
A+p2

usly xuply = (N4 2p2)uglp,uply % ugly = 3duzly,

ugly xuply = =2(N+ polugly — (A +2p2)usly,u1q x ujg = —Auyq,
Ulq * upq = upq * u1q = —Aupq, u1q * u3q = uzq * U1 q = —Ausq,

UL * Ugq = Uqq * ULq = —AUgq, Uaq * Urq = —Au1q,

Upq * U3q = —U3q * Upq = —AUaq, Urq * Usq = —u4q * urq = —Auzq.

The operations for the remaining cases are 0.
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Other T-versions

Lie T-algebras

Definition 4.6

A Lie T-algebra is a family of vector spaces {A,},c, together
with a family of binary operations {[,],, : Ap ® Ay — Apg}pqen
such that

[a7 b]Paq + [b7 a]%P = 07
(@, blp.gs Clpg.e + [[b, €lg,t, Algrp + [[c; @lip, Blipg =0

fora € A,, b € A;, c € A, and p,q,t € . We denote it by
({Agtoer: Al Ipatpger) (@DDI. (A, [,])).
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Other T-versions

From T-algebras to Lie T-algebras

Proposition 4.7

Let ({Ay}oer, {tp.q}pqer) bE @ T-algebra. Then (A,][,]) is a Lie
T-algebra, where {|, ], : Ap ® Ay — Apg}p.gen

[a,blpg =apgb—b-ypa

forac A, bcA,andp,q e 7.

Remark 4.8

Based on Proposition 4.7 and Remark 2.30, we can get many
new constructions of Lie T-algebra.
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Other T-versions

Examples

Example 4.9

According to Example 2.31 (2) and Proposition 4.7, by Eq.(14),
the nonzero operations of Lie T-algebra on A[rn] (where A is
given in Example 2.14) can be defined by

2p1p2
A+ p2

[us 17, urqg] = —p3usaq — prusg — u3q,

[up 1, u3q) = 2 uaq, [un 1, usql = 2Auzgq,

(U3, u2g] = 2(A + p2)uaq + 2prusq,

[ugl, urg] = —2(X + p2)usaq — 2prusg,

[l uzly] = 2(A — polugly,

(U217, usln] = 2(A + p2)ugly + 22\ + p2)us L,
[ =

uzqg, M3CI] _2>\M4CI7 [”2% u4q] = _2)\”‘36]'
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Other T-versions

From pre-Lie T-algebras to Lie T-algebras

Proposition 4.10
Let ({Ag}oers {*p.q}pqer) be a pre-Lie T-algebra. Define
[a,blpg =a*pgb—bxgpa

forac A, beA;andp,qg € n. Then ({Ay}oer {l;lpgtpger) iS @
Lie T-algebra.

Remark 4.11

According to Proposition 4.10 and Remark 4.4, we can get a
series of construction of Lie T-algebra.
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Other T-versions

Rota-Baxter Lie T-algebras

Definition 4.12

Let A € K. A Rota-Baxter Lie T-algebra of weight )\ is a Lie
T-algebra ({A, }oen: {[: 1p,g}p.gexr) €NdOWed with a family of linear
maps {R, : A, — A, },cr, Subject to the relation

[Rp(a), Rq(D)]p.q
= Rpq([a, Rg(D)]p,g) + Rpq([Rp(a), blpq) + ARpy([a, blp,q)

fora € A, b € A, and p,g € w. We denote it by
({Ap}oer {1 Ipatpaem {Ro}oer, A)-
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Other T-versions

From Rota-Baxter Lie T-algebras to pre-Lie

T-algebras

Proposition 4.13

Let ({Ay}pens {[;]pg}pgens {Ro}oer) be a Rota-Baxter Lie T-
algebra of weight 0. Then ({A,}per, {#pg}p.qer) IS @ pre-Lie T-
algebra, where

a*pgb=[Ry(a),bl,.
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Other T-versions

Dendriform T-algebra and Zinbiel T-algebra

Definition 4.14

A Zinbiel T-algebra is a family of vector spaces {A,},cr tO-
gether with a family of binary operations {x,, : A, ® A, —
Apg}pqer such that

axpgr (bxgi€) = (a%pqb) *pgr ¢+ (Dkgpa) kgpsc

fora € A), b € Ay, c € A, and p,q,t € m. We denote it by
({Aw}tpeﬂa {*p.atpgen)-
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Other T-versions

Dendriform T-algebra and Zinbiel T-algebra

Proposition 4.15

Let ({Ay}oer {=p.gtpger {7p.qtp.qer) bE @ COMmMutative dendri-
form T-algebra in the sense of

arpqeb=>0=<ypa,
define
axpgb=a>p,b=b=<,,a

fora € A,, b e A, andp,q € m. Then ({A,}oer, {*pqtp.ger) IS @
Zinbiel T-algebra.
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Other T-versions

Corollary

Corollary 4.16

(1) Let (A,R) be a Rota-Baxter T-algebra. Then ({Ay}er,
{%p.q}p.qer) IS @ pre-Lie T-algebra, where

asxpgbi=Ry(a) pgb—"b-gpRp(a) —Ab-qpa

foracA,, bcA,andp,qc 7.

(2) Let (A, R) be a Rota-Baxter T-algebra such thatR,,(a)-p b =
b-gpRy(a) + b -ypa. Then ({Ay}oer, {*pq}tpqger) is @ Zinbiel T-
algebra, where

a*xpgb:=Ry(a) pqb

fora €A, bcA,andp,qc .
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Other T-versions

Dendriform T-algebra and Zinbiel T-algebra

Let ({Ay}oers {*p.q}p.qex) be @ Zinbiel T-algebra. Then
aspgr (bxgi€) =bxgp (a*p;c)

wherea € Ay, b € Ay, c € A; andp,q,t € .

Proposition 4.18
Let ({Ay}oers {*p.q}p.qex) be @ Zinbiel T-algebra. Define
a=<pgb=bxgpa, arp;b=a*yb,

forac Ay, bcAyandp,q c . Then ({Ay}oer {=patpaem 17 pa
}pqex) IS @ dendriform T-algebra.
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Other T-versions

From Zinbiel T-algebras to T-algebras

Proposition 4.19

Let ({Ag}oers {*p.q}tpqen) bE @ Zinbiel T-algebra. Define
aopgb=ax,,b+bxy,a

forac A,,becA;andp,q € w. Then ({Ay}per, {Opqtpqcr) IS @
T-algebra.
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Other T-versions

Poisson T-algebra

Pre-Poisson algebra was proposed by Aguiar by combining Zin-
biel algebra and pre-Lie algebra. We extend it to the T-version.

Definition 4.20

A  Poisson T-algebra is a triple WA lfeea

{tp.atpger: {:Ipatpger) Where ({Ag}eoer, {Hpglpger) is @
commutative T-algebra, ({Ag}eer, {[,lpgtpqer) is a Lie T-
algebra and the following condition holds

la,b ‘q,t C]p,qt = [a, b]p,q pgt €+ D g la, C]p,ta

forac A, beA;, ccAandp,q,tem.
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Other T-versions

Pre-Poisson T-algebra

Definition 4.21

A pre-Poisson T-algebra is a triple

({Ag toer, {*p.atpgens {*patpqer) Where ({Ap}oer, {Jpqlpger) is
a Zinbiel T-algebra, ({Ay}oer, {*p.q}pqer) IS @ pre-Lie T-algebra

and the following conditions hold

(@ xpg D) *pgi ¢ — (b*gp a) kgpr € = aspg (bxgrc) —bxgp (a*pc)

(axp,g b) *pgi ¢+ (bxgpa) *gpr ¢ = axp g (b*gec) +bxgp (a*pc)

foracA, beA;, ccA andp,q,tcm.
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Other T-versions

From pre-Poisson T-algebras to Poisson

T-algebras

Proposition 4.22

Let ({Ay}oers {*pqtpgens {*p.qtpqer) be a pre-Poisson T-
algebra. Define

aopgb=axpsb—bxgpa, [a,blpg=axp,b—bxypa

for a € A, b € A, and p,g € . Then
({Astoer: {9p.atpaen: {[;Ip.atpqer) is @ Poisson T-algebra.
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Other T-versions

Rota-Baxter Poisson T-algebras

Definition 4.23

A Rota-Baxter Poisson T-algebra of weight )\ is a triple
({Ag}oers {p.q}pgers 11 ]p.q}p.gexr) €ndowed with a family of lin-
ear maps {R, : A, — A, },er Such that

(1) ({Ap}per: {tp.atpger {[: Ipatpqen) is @ Poisson T-algebra,
(2) {Ay}per {tp.qtpgen {Ry }oer) is a Rota-Baxter T-algebra of
weight A,

(3) ({Au}Yver {1 ]pgtpgen {Ro}oer) is a Rota-Baxter Lie T-
algebra of weight .

We denote it by ({Ap}per, {tp.g}pgens {[s Ip.atpaens {Rgtoer; A)-
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Other T-versions

From Rota-Baxter Poisson T-algebras to

pre-Poisson T-algebras

Proposition 4.24

Let ({Ao}eers {tpqtpaer:{l:]patpgen, {Ro}oer) be a Rota-
Baxter Poisson T-algebra of weight 0. Define

axpgb=Ry(a) pgb, axpgb=I[Rp(a) bl

for a € A, b € A, and p,q € . Then
({ApYoerms {*p.qtp.gens {*p.qtp.qen) IS @ pre-Poisson T-algebra.
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Further work

Further work

In [4], the authors gave a broad study of representation and
module theory of Rota-Baxter algebras. They provided the equiv-
alent characterizations of Rota-Baxter modules by using quasi-
idempotency and the ring of Rota-Baxter operators. And in [5],
many examples of Rota-Baxter paired modules were obtained
from the theory of Hopf algebras. In the forthcoming paper,
we will introduce the notion of Rota-Baxter T-modules and in-
vestigate its properties, especially pay more attention to the re-
lation between Rota-Baxter operator and Turaev’s Hopf group
(co)algebras.
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Dual cases

For the sake of completeness, we provide the coalgebra version
Throughout we assume that 7 is commutative semigroup.

tridendriform Proposition 3.11 Rota-Baxter Lie
T-coalgebra T-coalgebras T-coalgebra
Proposition 3.10 Proposition 3.11ﬂ ﬂ
Rota-Baxter Proposition 3.10 gendriform pre-Lie
_
T-coalgebra T-coalgebra T-coalgebra
Zinbiel Lie

T-coalgebra T-coalgebra
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