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Some notations

In this talk, we works over the complex field C. Fix an integer

n >3 (n #4). we always assume that ¢ is a primitive n-th root of
unity, and

- { n, if nis odd,
5

- if n is even.
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Some notations

In this talk, we works over the complex field C. Fix an integer

n >3 (n #4). we always assume that ¢ is a primitive n-th root of
unity, and

| n, if nisodd,
5, if n is even.
For a invertible element v € C, and any integer [ > 0, set
vh—1
v—1"

Define the v-factorial of [ by (0)!, =1 and for [ > 0

(l)!v = (1)1)(2)1) tee (l)v-

Dpy=140v+---407t =

Jialei Chen Preprojective algebras and the restricted quantum group Uq(.slf



1. The restricted quantum group U, (sl3)

Definition

The restricted quantum algebra U, (sl3) is the associative unital
algebra generated by K, K~ !, E, F and subject to the following
relations

KK'=K'Kk=1, K*=1, E'=Fi=0,
KE =¢’EK, KF=q*FK, EF=FE.
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1.1 The restricted quantum group U,

@ The set {FiKkEj|i,j, keZ,0<ujk< d} is a basis of
U,(sl3), and the dimension of U,,(sl}) is equal to d°.
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1.1 The restricted quantum group U, (sl3)

@ The set {FiKkEj|i,j, ke,0<1i,jk< d} is a basis of
U,(sl3), and the dimension of U,,(sl}) is equal to d°.

o As a C-algebra, U,(sl3) is isomorphic to the smash product
algebra AfCG, i.e., Uq(slg) =~ A$CG, where the algebra A
and the abelian group G are defined as follows

= C(E,F|EF = FE,E%=F¢=0),
(K|K? =1),

Ql

and the action of G on A is given by K o E = ¢>FE and
KoF =q?F.
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1.1 The restricted quantum group U, (sl3)

U,(sl}) is a Hopf algebra with coproduct A, counit & and antipode
S defined by

A(Ey=E®K+1Q®E, A(F)=F®1+K '®F,
A(K) =KQK, A(KY)Y=K'@K
e(E)=0, e(F)=0, e(K)=e(K1)=1,

S(E)=—-EK™', S(F)=-KF, S(K)=K "
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1.1 The restricted quantum group U,

Proposition

U,(sl%) is pointed, basic, and nonsemisimple.
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1.1 The restricted quantum group U, (sl3)

Proposition

U,(sl%) is pointed, basic, and nonsemisimple.

Sketch of proof. Let rad(Uq(sl})) be the radical of Ugy(sl3).
Denote by (E, F) the ideal of U,(sl}) generated by F and F.
Note that the ideal (E, F') is nilpotent and

UQ(SZE)/<E7F> :C<K|Kd: 1) 2(Cx(Cx---X (D7
therefore U, (sl}) is a basic Hopf algebra. We also get that

rad(Uq(sl3)) = (E, F), and then the nonsemisimplicity of Uq(sl3)
is obtained. Pointed is clearly.
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1.2 The Hopf PBW-deformations of U, (sl}

Definition
The quantum algebra U,(sl3, r) is the associative C-algebra with

unit 1 generated by E, F, K, and K, subject to the following
relations

KE =¢’EK, KF=¢?FK, KK '=K 'K =1,
Kl=1 E¢=F!=0, EF-FE=aK™-K™),

where m € Z and 1 <m < d.
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1.2 The Hopf PBW-deformations of U ,(sl})

Definition

We call Uy (sl3, ) a Hopf PBW-deformation of U, (sl3), if Uy(sl3, k) is
a PBW-deformation of U,(sl3), and has the Hopf algebra structure as
follows

AK)=K®K, AKYHY=K'loK!
AE)=E®@K'+K*®E, A(F)=F®K *+K'®F,

e(K) = e(K*l) =1, &(E)=¢F)=0, (1)
S(K) = S(K™') =K,
S(E)=-K~ SEK_ S(F) = -K'FK?®,

where s,t € Z with t — s = m.
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1.2 The Hopf PBW-deformations of U ,(sl})

Definition

We call Uy (sl3, ) a Hopf PBW-deformation of U, (sl3), if Uy(sl3, k) is
a PBW-deformation of U,(sl3), and has the Hopf algebra structure as
follows

AK)=K®K, AKYHY=K'loK!
AE)=E®@K'+K*®E, A(F)=F®K *+K'®F,

e(K) = e(K*l) =1, &(E)=¢F)=0, (1)
S(K) = S(K™') =K,
S(E)=-K~ SEK_ S(F) = -K'FK?®,

where s,t € Z with t — s = m.

For a given m, all the U,(sl3, k) with t — s = m are isomorphic.
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1.2 The Hopf PBW-deformations of U ,(sl})

The quantum algebra U ,(sl}, k) is a Hopf PBW-deformation of
Uq(sl3) if and only if (2m,n) = 1 when n is odd, while (m,%) =1
when n is even.
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1.2 The Hopf PBW-deformations of U ,(sl})

Theorem

The quantum algebra U ,(sl}, k) is a Hopf PBW-deformation of
Uq(sl3) if and only if (2m,n) = 1 when n is odd, while (m,%) =1
when n is even.

Lemma

Assume that n is odd (resp. even) and 1 < m < d. Then

( ?) =0 for 0 < i < d if and only if (2m,d) = 1 (resp.
q2m

(m,d) = 1).

N,
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1.2 The Hopf PBW-deformations of U ,(sl})

Proof. Firstly, U,(sl5, k) is a PBW-deformation of U,(sl3) when ¢
is a primitive n-th root of unity with n > 3(n # 4). Note that

Ty (sl3) = Uy (slg) /(K — 1, B, ),
T (sl3, m) = Uy (sl ) /(K™ — 1, B, FY),

then U, (sl}, x) is a PBW-deformation of U, (sl3}) as

(K% —1,E F?% is a homogenous ideal.

Secondly, U,(sl3, k) is a Hopf algebra with the structure maps in
(1) if and only if (2m,n) =1 when n is odd, while (m, ) =1

when n is even.
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2. Realizations of the quantum groups U, <) via (deformed) preprojective

algebras

For0<j<d-—1,set

par
€ = a q2UK’L7
i=0
then
d—1 1d71 d—1 1d71 d—1
24, 27\" _
XX - S (S )i
i=0 1=0 j=0 j=0 \i=0
d—1 d—1
1 2ls s _ 1 2(1—7) _ €5, if l = 7
Ejﬁl—azoq EJK —a 0<q ) J O, Ifl?éj
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2. Realizations of the quantum groups U, <) via (deformed) preprojective

algebras

For0<j<d-—1,set

then

{€0, - ,€4_1} is a complete set of primitive orthogonal idempotents of
Uy(sls).
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2.1 The Gabriel quiver T’ = (T'g,I'1) corresponding to U, (sl3)

We draw the Gabriel quiver I' = (T, I'1) corresponding to U ,(sl})
(1) There are d vertexes sq, s1,- - ,S4—1 in I'g which are in
correspondence with the idempotents €, €1, -+, €4_1;
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2.1 The Gabriel quiver T’ = (T'g,I'1) corresponding to U, (sl3)

We draw the Gabriel quiver I' = (T, I'1) corresponding to U ,(sl})
(1) There are d vertexes sq, s1,- - ,S4—1 in I'g which are in

correspondence with the idempotents €, €1, -+, €4_1;
(2) As linear spaces,

rad(Uy(sl3)) = € CFK*e @ CEK*e @ CFK'E’,

1<i<d 1<i<d 1<r,s<d
0<k<d—1 0<k<d—1 0<k<d—1
2(77 * _ 1 17k 1 17k r 1ok s
rad” (U, (sl3)) = CF'K"& CE'K"® CF"K"E®.
2<i<d 2<i<d 1<rs<d
0<k<d—1 0<k<d—1 0<k<d—1

dim [rad (U, (sl5))] = d* — d, dim [rad®(T,(sl3))] = d* — 3d.
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(Lo, T'1) corresponding to U, (sl3)

2.1 The Gabriel quiver I' =

Therefore,

rad(Uy(sls)) /rad®(Uy(sls)) = € CFK*o P CEK".

0<k<d—1 0<k<d—-1

For any two vertexes a,b € ['g, note that

i
E q e, Feqg=€1E, Feg = €q1F,
J€Zq

Kzea — q—2a7,€a’ K —

we have
CFEe,, ifb=a+1,

€q <rad( 4(s13)) /rad? (U (sl§))>eb =< CFe¢, ifa= l?+ 1,

0, otherwise.
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2.1 The Gabriel quiver T’ = (T'g,I'1) corresponding to U, (sl3)

Therefore, we obtain the Gabriel quiver I' as follows:

0
(@]
g _q ag
g—1 g

d—10 01
j - Sy o|laa—2 e |n’1k
d— 20, 02
[83))
(%

"'o
3

which is just the double quiver of affine Dynkin type Aq_;.
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2.2 (Deformed) preprojective algebra IT7*(T")

Assume that a € C and 1 < m < d satisfying

m=1, when a = 0,
(2m,d) =1, when a # 0 and n is odd,
(m,d) =1, when a # 0 and n is even.

We define II7*(I") to be the following quotient algebra of path
algebra CI:

Preprojective algebras and the restricted quantum group Uq(.slf
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m

2.2 (Deformed) preprojective algebra IT7*(T")

H(l)(I‘) is just the preprojective algebra corresponding to I', while
II"(T')(a # 0) is a deformed preprojective algebra.
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2.2 (Deformed) preprojective algebra IT7*(T")

H(l)(I‘) is just the preprojective algebra corresponding to I', while
IT7"(T")(a # 0) is a deformed preprojective algebra.

Remark

In CT" or II*(T"), the paths are from right to left: for paths « and
8, which starts at s; (resp. s;), and ends at s; (resp. s;), then the
multiplication of & and 3 in CT or II/*(T") is denoted by

ax* 3= Ba.

In the following proposition we will prove that there are some
natural Hopf algebra structures on II]*(T").
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2.2 (Deformed) preprojective algebra IT7*(T")

The algebra I17*(T") is a Hopf alagebra with comultiplication A,
counit € and antipode S' as follows:

Z&@sj, (s1) = d10, S(s1) =54,

i+j5=l
= Z g >"s; ® oy + Z T o ®s;,
i+j=l i+j=l
S(an) = =g )20y, () =0, (2)
Aay) = Zq "8 ® +Zq25]a ® 5,
i+j5=l i+j=l
S(af) = =720, e(af) = 0.

where 7, 5,1 € Zg, s,t € Z and t — s = m.
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2.2 (Deformed) preprojective algebra IT7*(T")

a

Proof. (1) We firstly show that the formulas in (2) can induce the
following algebra homomorphisms

A TI™(T) — II™(T) @ II(T)
e: I™(T) — C,
S IEHT) — [Ig(D)].
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2.2 (Deformed) preprojective algebra IT7*(T")

By the universal property of path algebra and fundamental
homomorphism theorem of algebras, we only need to check that

o b(s) =1

=

d(s1)? = ¢(s1),

d(sk)o(s;) =0 for k # 1, (3)
(o) = (Sl+1)¢(al)¢(51),

o(af) = d(s1)p(a])p(s141),

¢(af)p(cr) — dlar-1)o(af;) = alg™>™ = ¢*™)o(s1),

where ¢ = A (resp. ¢ = ¢) and 1 is the identity element in
"m(T) (resp. C), and
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2.2 (Deformed) preprojective algebrall”(T")(a # 0)

(> S(s1) =1,
1EZq
S(s1)* = S(s1),
S(Sk)S Sl) =0 for k 75 l (4)
S(aq) = S(s1)S(au)S (Sz+1)
S(aj) = S(s141)S(a7)S(s1),
S(a)S(a;) — S(a;_;)S(ay—1) = a(g™?™ — ¢*™H)S(s)),

where 1 is the identity element in IT*(T").
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2.2

(Deformed) preprojective algebra T17(T")

(2) By part (1), to prove (II*(I"), A, ¢, S) is a Hopf algebra, we
only need to check that
(A ®id)A(x) = (id @ A)A(x),
(e ®id)A(z) =id = (id ® ) A(x),
(S®id)A(z) =e(x)l = (id ® S)A(x)

forany x € To UT'1 = {s, 01,0 |l € Zg}.
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

For any integer [ > 0, define (g, t, s)-number

tl sl
q —q
(Dats = pra— (5)

Define the (g, t, s)-factorial of { by (0)!;+s =1 and for [ >0

Dlg,ts = Dats(Dats - (Dayts: (6)

We define the (g, t, s)-Gauss polynomials for 0 < k <1 by

l (l)|q t,s
g khit) X 7
( k )q,t,s (k)!q7t78(l - k)!q,t,s ( )
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

Let 0 <k <.

(1)
(1) o= (), () Gl

(2) ((g,t, s)-Pascal identity)

! _ sk [ -1 e 1—1
(k;) = ¢ k-1 Tk
q;t,s q,t,s q.t,s

9 2y

-1 [—1

sk t(l—k)

( k > ( k—1 ) ’
q,t,s q,t,s

)
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

(l)q,t,s — qs(ll(_lii)(l)qm,
Dlgts=a = (1)lgm, (8)

! _sk(—k) [ !
( k > - q k, . 9
q,t,s q

we can obtain all the above results by using Proposition IV.2.1 in
[Kassel, C. Quantum Groups, Graduate Texts in Mathematics;
Springer-Verlag, 1995; Vol. 155.] O
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

Lemma

Forl >0, let 'yf = Q411 Q;+104, which starts at the vertex s;
and has length I, and 7Y = s;. Let (v))* = afof - Qi
Then we have

I o
A= ), <U > g R @
J+k=iut+v=I q=2t,s
A= X (4), @ e
Jt+k=iu+v=Il a2t,s
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

In TI3(T), for any integer i,j € Z4, we have

0‘;+v—17}) = 7;—104;'—17 (9)
(%) 5 = T—uVito)s (10)

where u +1=v + j.
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

Proposition

Let Iy =: (4%, (Y1)*|i € Z4) be the ideal of I™(T), and TI"*(T', 1)
be the quotient of (deformed) preprojective algebra II7*(I") module
Id, i.e.,

115" (T, Ig) := 15 (T) /La.

Then the following statements hold.

(1) (II(T, 14), A, €, S) is a Hopf algebra with A, & and S defined
in (2).

(2) II;Y(T, I4) has a basis {v{(7¢)*|u,v,i € Z4} and

dimIT™ (T, I;) = d®.
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

Sketch of proof. (1) We prove I; is a Hopf ideal of ITI7*(T").

A=Y (’yﬁ-’ ® Y+ ®72) ,
k=i
A = X (6D e+ 6 e 6D,
k=i
which implies A(1;) C IINT) ® Ig + Ig ® 117} (I"). Obviously we

have e(7¢) = 0 and e((v%)*) = 0. Hence (1) = 0. Moreover,
since

S = S(ai)S(ait1) - S(ira—2)S(tisa—1)
(_1)dq_d(d_1)(t+s)7ii—da

5(af+d—1)s(af+d—2) - S(aiy1)S(aF)
(_1)d+1qd(d—1)(t+s) (’yii—d)*v

S((4))

then S(Id) C 1.
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

(2) We firstly show that TI}(T", I) has a basis

(Y () * |y v, € Zg} and dimIT (T, Tq) = d°.

e any nonzero monomial g € II}(T', 1) is a linear combination
of {,ylu(’%v)ﬂu?val € Zd}'
o {V'(7Y) |lu,v,i € Zg} is linear independent: in fact,

Zcuvuy Z Zcuvuyl ’

u,V,1€Zq =0 uv_‘—zezld
utv=

V() |u,v,0 € Zig,w+ v = I} have different sources and
targets. Hence ¢;"” = 0, and independent.
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2.3 The quotient (deformed) preprojective algebra TI7*(T")

As for II"(T", 1), by Corollary 3.6 in [ Crawley-Boevey W.
Holland M.P. Noncommutative deformations of Kleinian
singularities. Duke Mathematical Journal, 1998, 92(3): 605-635,]
II™(T) is a PBW-deformation of IT§(T"). So II™(T', 1) is a
PBW-deformation of I1}(T', ;). Therefore, the statements in (2)
hold for(deformed) preprojective algebra I1/*(T").
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

There is a Hopf isomorphism @ : TI™ (T, 1) — U,(sl3, k). In particular,
when a = 0 and m = 1, there is a Hopf isomorphism
@I, Ig) — U,(sls).
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m

2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

There is a Hopf isomorphism @ : TI™ (T, 1) — U,(sl3, k). In particular,
when a = 0 and m = 1, there is a Hopf isomorphism
@I, Ig) — U,(sls).

@ S. Yang. Quantum groups and deformations of preprojective
algebras. J. Algebra 279(2004): 3-21 proved that the restricted
quantum group Uq(slg) is isomorphic to the quotient of the
deformation of preprojective algebra.
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

There is a Hopf isomorphism @ : TI™ (T, 1) — U,(sl3, k). In particular,
when a = 0 and m = 1, there is a Hopf isomorphism
@I, Ig) — U,(sls).

@ S. Yang. Quantum groups and deformations of preprojective
algebras. J. Algebra 279(2004): 3-21 proved that the restricted
quantum group Uq(slg) is isomorphic to the quotient of the
deformation of preprojective algebra.

@ H. Huang, S. Yang. Quantum groups and double quiver algebras.
Lett. Math. Phys 71(2005): 49-61 proved that a restricted version
of the quantized enveloping algebras U, (g) is a quotient of the
double quiver algebra £Q.
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

a

There is a Hopf isomorphism @ : TI™ (T, 1) — U,(sl3, k). In particular,
when a = 0 and m = 1, there is a Hopf isomorphism
@I, Ig) — U,(sls).

@ S. Yang. Quantum groups and deformations of preprojective
algebras. J. Algebra 279(2004): 3-21 proved that the restricted
quantum group Uq(slg) is isomorphic to the quotient of the
deformation of preprojective algebra.

@ H. Huang, S. Yang. Quantum groups and double quiver algebras.
Lett. Math. Phys 71(2005): 49-61 proved that a restricted version
of the quantized enveloping algebras U, (g) is a quotient of the
double quiver algebra £Q.

@ L. Liu, S. Yang. Hopf e-algebras on path coalgebras. J. Math.
Studies 40(2007): 258-265 proved that U,(sls) and Ug(osp(2,1))
are realized by the quotient of the algebra on double path coalgebra.
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

Proof. Step 1. Construct a surjective map ¢ : CT' — U, (sl3, k).
Define a pair of maps ¢ : I'o — U,(sls, k) and
1 : 1 — Uy(sl3, k) by setting

wo(s)) =€, wila) = Eey1, ¢i1(a]) = Fe

for each | € Z,. It is easy to check that g, @1 satisfy
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

By the universal property of path algebra CI', there exists a unique
algebra homomorphism ¢ : CI" — U, (sl}, k) such that

e(s1) = wo(s1), ela) = wi(ar), and @(af) = p1(af).

On the other hand, since

K=Y q¢%, E=EY ¢ F=F) q,

€7y lEZyg I€Zqg

then ¢ : CT' — U, (s}, k) is surjective.
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

Step 2. Prove that ¢ : II"(T', I;) = U ,(sl3, k) as algebras.
Let Z; be the ideal
S Zd>
=0,

<ZZ (afai — aimraf_y —alg™™ = ¢*™)si) ,vf, ()
1€

of CI'. Then II(T", I4) = CI'/Z4. One can check that ¢(Z,
i.e., Zy C Kery. On the other hand, we have proved that

dimU ,(sl3, k) = dimIT7(T, I;) = d°.

Hence Kery = Z;. By fundamental homomorphism theorem of
algebras, ¢ : CT' — U, (sl3, k) can induce a unique algebra
isomorphism ¢ : II7*(T', I5) — Uq(sl3, k).
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

Step 2. Prove that ¢ : IIJ(T', 1) =2 U,(sl3, k) as Hopf algebras.
In the following we only need to prove that
@ 1M1, 1) — Ugy(sls, k) satisfies

Agp(z) = (¢ @ 9)An(z),
en(x) = egp(e),
pSg(x) = Sup(x)

forany x e TgUT = {s, 4, ]|l € Zg}.
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2.4 Realization of U,(sl3, x) by (deformed) preprojective algebra 117 (T")

Uq(slg‘) PBW —deformation Uq(sl§, KZ)
= =
H(l)(l“, Id) PBW —deformation H%(P, Id)

Preprojective algebras and the restricted quantum group Uq(.slf
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3. Finite dimensional representations of U,

Proposition

Let M be a finite dimensional simple U, (sl3)-module. Then
dim(M) = 1, and the module structure on M = Cuvg can be given
as follows:

Kuvy = ¢'vg, Evg= Fug =0, (11)

where [ € {0,1,--- ,d — 1} when n is odd and
1€{0,2,---,2(d— 1)} when n is even..
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3. Finite dimensional representations of U (sl

Proposition

Let M be a finite dimensional simple U, (sl3)-module. Then
dim(M) = 1, and the module structure on M = Cuvg can be given
as follows:

Kuvy = ¢'vg, Evg= Fug =0, (11)

where [ € {0,1,--- ,d — 1} when n is odd and
1€{0,2,---,2(d— 1)} when n is even..

Proof.

Since U, (sl}) is basic, then each simple U,(sl})-module is
one-dimensional. Assume that M = Cuvy. It is clear that

Kvg = \vg and Evg = Fuvg = 0. Since K% =1, then \¢ = 1.
Therefore, we conclude that A € {1,q, - ,¢%" '} when n =d is
odd and A € {1,¢2,--- ,qQ(d_l)} when n = 2d is even. O
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3.1 Finite dimensional weight representations of U, (sl})

Definition

Let M be a finite dimensional representation of U, (sl}).
(1) The linear space

My ={v e M|Kv = v},

i.e., the eigenspace of K acting on M for the eigenvalue A, is called a
weight space of M.

(2) If M is the direct sum of its weight spaces, then we call M a weight
representation of U ,(sl3).

(3) Let M be a finite dimensional weight representation of U, (sl3), and

denote by
AM = {Ala)\Qa e a)\m}

the set of all the mutually different eigenvalues of K acting on M. We
call Aps the weight set of M.
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3.1 Finite dimensional weight representations of U, (sl})

Definition

(1) Let A = {1, A2, -+, A} be a subset of C*. If there exists a
A € A such that

A= {)\’q%\’... ’q2(m—1))\}’

then we call A a g?-chain.

(2) Let M be a finite dimensional weight representation of U,(sl3).
If its weight set Ay; = {A1, Ao, , A} is a g2-chain, we call M a
q>-chain representation of U,(sl3).
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3.1 Finite dimensional weight representations of U, (

Let M be a finite dimensional representation of U, (sl3). The
action of the generator K on M can be considered as a linear
transformation K : M — M. Since K% =1, then M can always
be decomposed as the direct sum of the eigenspaces of K, i.e.,

M= P My,

AEA M

where Ajs consisting of all the eigenvalues of K is contained in the
following set

Aq2 = {17q2)q47 e 7q2(d72)7 q2(d71)}

whenever n is odd or even.
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3.1 Finite dimensional weight representations of U ,(sl})

Theorem

(1) Each finite dimensional representation M of U,(sl3) is a
weight representation.

(2) Each finite dimensional indecomposable representation M of
U,(sl3) is a ¢>-chain representation, where Ay is a g*>~chain with
Ay C Aq2.

(3) Each finite dimensional representation of U,(sl}) can be
decomposed as the direct sum of some indecomposable ¢*>-chain
representations of U ,(sl3).
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3.2 Equivalences between the categories repU and replIl} (T, I,)

Recall that TI}(T', I;) = CT'/Z,, where

Lo = <Z (afai — ai1ai_y) 7, ()i € Zd> .
1€2Lq

Denote by repH(lj(l“, 1;) the category of finite dimensional
representations of I1}(T", I;). Let Rr be the arrow ideal of CT.
Then the ideal Z; is an admissible ideal of CI' because

0="RLCT;CRAE

So we can always identify the finite dimensional representations of
I1§(T, 1) with those of the bound quiver (', Z).
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3.2 Equivalences between the categories repU, and replIl} (T, I,)

In other words, each finite dimensional representation
V= (W,Ei,ﬂ)iezd of TI}(T', I4) can be given as follows

I
Fa 4 Fy
) Eq_1Ep )
Vil V1
Vv Fd)| Ei 5 E1| Fy
Vi—o Va
5
Vi
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3.2 Equivalences between the categories repU ,( and replIl} (T, I,)

where the matrix E;, F;(i € Zg) satisfy

FE; = E;_1F;_ (i € Zg),
Eiva1- Ei1Bi =0 (i € Zg), (12)
FiFiy1-- Fiyg1 =0 (i € Zg).

For any two objects V = (V;, EY , FY );cz, and

(2
W = (Wi, EYY, FV)icz, in repll}(T', I,), one has

[ = (fi)iez, € Homng(r,ld)(Vv W)

such that

EY fi = finiE)Y, FY fio1 = fiFY fori € Zq.
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3.2 Equivalences between the categories repU,(sl3) and repll} (T, I,)

Define a functor Q2 : repll}(T', I;) — repU,(sl3) as follows:

Q:repll(T',I;) — repU,(sl3)
V= (‘fi,Ez'VﬂFiV) — ﬁ(‘/)

F=()

o]

(f)

1% W — Q) == QW),

where as a vector space (V) = € V; and the action of U,(sl})

i€Zq
on (V) is given by
Kv = ¢*v,
Ev = EY (v),
Fv=FY,(v)

for any v € V;, while Q(f) = & fi.
1€24
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Define a functor Q' : repU,(sl5) — repll}(T, 1) as follows:

o' repU ,(sl3)

— repH(l)(F,Id)
M — QM)
——1
MLN s oo Yoo,

where O (M) =V = (Vi, Y, FY)icz, is given by

(2
Vi = Mg,
E
EZV = qui — Mq2(i+1),

F
Fiv = qu(i+1) — Mq2i

for i € Zg, while ﬁ_l(f) = (9i)iez, With g; the restriction of f on
M 27 .
q
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3.2 Equivalences between the categories repU,(sl3) and repll} (T, I,)

The functor Q : repIl§(T, I;) —> repU,(sl}) is an equivalence of
categories.
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3.2 Equivalences between the categories repU,(sl3) and repll} (T, I,)

The Hopf algebra isomorphism ¢ : II}(T', ;) — Uy(sl3) we
obtained can naturally induce an equivalence of categories

Qg :repllj(I', 1) — repUgy(sly)
M — Qx(M)=M
MLN — o =M-LN,

where Q(M) = M is a representation of U,(sl3) with the action
of Ugy(sl3) on M given by

Ug(sly) @M — M
~—1

u@m — u-m=¢ (u)m.

Jialei Chen Preprojective algebras and the restricted quantum group Uq(.slf



3.2 Equivalences between the categories repU,(sl3) and repll} (T, I,)

On the other hand, there exists a natural equivalence of categories

Q:rep(l,Z;) —> repll} (T, Iy)
V= (%7Eyaﬂv)i€Zd — Q(V) = eV
1€Zq
f=(fi)icz Q=g fi

v e vy ST aw,

where for any v = (v;)iez, € Q(V) and any path w € T, the
action of II}(T', I;) on (V) can be given by

(wo)y = { 8iVis if w=s;,
g 5jk¢ﬁz"'¢ﬂ2¢ﬁ1(vi)a if w=p---B2f1:1— ]

b = EY, if B, = a, for some s € Zg,
b= FY, if B, = a* for some s € Zg.

Jialei Chen
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3.2 Equivalences between the categories repU, and replIl} (T, 1)

Corollary

As a functor, QQ = Qgﬁ, ie.,
rep(I', Zy) Q repH%(I‘, Iy)
Q Qg
repll}(T, I,) o repU,(sl3)
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3.3 Primitive representations in the categories rep(Qq, Iéi) and repU

(1) Let V = (V}, Ei, Fy) ¢z, be a finite dimensional representation
in the category rep(I',Z;). If V is indecomposable and V; # 0 for
all i € Zg, then we call V' a primitive representation in rep(I", Z).
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3.3 Primitive representations in the categories rep(@d, Iéi) and repU

Definition

(1) Let V = (V}, Ei, Fy) ¢z, be a finite dimensional representation
in the category rep(I',Z;). If V is indecomposable and V; # 0 for
all i € Zg, then we call V' a primitive representation in rep(I", Z).
(2) Let M be an indecomposable representation in the category
repU,(sl}). If the weight set Ay of M can be given as follows

AM:{17q27"' 7q2i7"' 7q2l}

for some integer | € Zg, then we call M a primitive representation
of Ugy(sl3).
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3.3 Primitive representations in the categories rep(I',Z;) and repU.,

Assume that M is a primitive representation of U, (sl}) with
weight set

AM:{l,QQ,"' 7q2i7"' 7q2l}

for some [l € Z;. Then M = EB M j2i. For each 0 < <[, assume

that v;1,vi2, -+, Vin, IS a baS|s of M i, we obtain a basis
BM — (U017v027"' y V0ngs s Vil Vi2y * 5y Uingy =t 5, V11, V12, ** >vlnl)

of M. Considered as linear transformations on M, the generators
K,E, F of Uy(sl}) acting on the basis By are respectively
corresponding to the following three matrix K, &, F, i.e.,
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3.3 Primitive representations in the categories rep(I', Z;) and repﬁq

where I,. is the n; x n; identity matrix, &; is a nj41 X n; matrix,
Fiis a n; X nj4q1 matrix, and &, F; (0 < ¢ <) satisfy

01,a-1EF = Folo,

EiFi = Fir1€ir1 (050 <1 -2),

E1Fi-1 = 01,41 Fi&, (13)
Ei&ic1--E1E0E1—1---E11=0(0<Zi<d—1),

FiFiv1 - FaaFoFi---Fic1=0(0<i<d—-1).
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3.3 Primitive representations in the categories rep(I', Z;) and repUq

Theorem

Assume that M is a d-dimensional primitive representation of
U,(sl3) with Ayr = {q*|i € Za}. Then M is isomorphic to a
d-dimensional primitive representation Lg r defined by

KBy = BuK,
EBy = ByéE,
FBu = By F,

where

51‘./_"1‘ =0 (Z € Zd),
or E||i0 € Zg s.t. 51'0 = Fi, = 0,

{ ngz =0 (Z € Zd),
5@'4‘};’ =1 (Z € Zd\{io}).

gl_'_f:b:l(lezd)?
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Thank you!
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