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Motivation and related works

Let k be an algebraicaly closed field of characteristic O.

How to classify all finite dimensional Hopf algebras over the Suzuki Hopf
algebra A’;\,i?

Related works:
® Masuoka et al. studied the quantum lines over A]* and A}
[CDMMO04]
e Fantino et al. [FGM19] classified f. d. Hopf algebras over the dual
of dihedral group Do = ( Ha)a of order 2m, with m = 4a > 12.
® [Shil9] classified f. d. Hopf algebras over A}, (Kac-Paljutkin alg).

e [Shi20][Shi21] investigated f. d. Nichols algebras over simple
Yetter-Drinfeld modules of A%y .
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Properties of Suzuki Hopf algebra A%,

e A’,t,’; is non-trivial semisimple if (n, 1) # (2, +1).

° A%, is group-theoretical, since
1
1 - K- Ay, —kDy, — 1,

Cy X Cy, (N,u) = (even, +1),

where D,, is dihedral group, K = ]
Con, otherwise.

° A’,f,’; is not Morita-equivalent to a group algebra in general. Naidu
and Nikshych provided an example A7, [NNOS].
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The classification of f. d. non-semismiple Hopf algebras with dual

Chevalley property

@ Lifting Method [AS98] introduced by Andruskiewitsch and
Schneider in 1998.

® Let A be a Hopf algebra with coradical H is a Hopf subalgebra.
Then grA = R#H, where R = @,ay,R(n) € BYD is a braided Hopf
algebra.
® Three steps of Lifting Method:
® Find all finite dimensional Nichols algebra B(V), V € #YD; find an
efficient set of relations for B(V).
® If R = &,ay,R(n) is a finite-dimensional Hopf algebra in ZJ/Z) with
V = R(1), decide if R ~ B(V). Here V = R(1) is a braided vector space
called the infinitesimal braiding.

® Given V as in step two, classify all H such that grA ~ B(V)#H
(lifting).
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F. d. Nichols algebras over Semisimple Yetter-Drinfeld modules

¢ Abelian group type (or Diagonal type):
Completely classified by Heckenberger [Hec06] [Hec09] (Invent.
Math. and Adv. Math.) via the concepts of Weyl groupoid and
generalized root system;

¢ Non-Abelian group type(also called rack type in general):
Almost finished by Heckenberger and Vendramin [HV17b][HV17a]
(J. Eur. Math. Soc.);

® Non-group type: rarely touched.
I will present a potential example here.
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F. d. Nichols algebras over Semisimple Yetter-Drinfeld modules

¢ Abelian group type (or Diagonal type):
Completely classified by Heckenberger [Hec06] [Hec09] (Invent.
Math. and Adv. Math.) via the concepts of Weyl groupoid and
generalized root system;

¢ Non-Abelian group type(also called rack type in general):
Almost finished by Heckenberger and Vendramin [HV17b][HV17a]
(J. Eur. Math. Soc.);

® Non-group type: rarely touched.
I will present a potential example here.

Determine f. d. Nichols algebras over indecomposable racks. \

Difficult! For example, the classification of pointed (or copinted) Hopf

algebras over dihedral group D,,, is not completed, mainly since we
don’t know
dim B(Day41, Cq) =?
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F. d. Nichols algebras over indecomposable braided vector space

Rank Dimension Type Authors
3 12 (12)** | Milinski, Schneider, [MS00]
3 432(chark =2) | (12)%
4 36 (chark = 2) | (123)* [GHV11]
4 72 (chark #2) | (123)" [Gn00]
4 5184 (123)44 [HLV12]
6 576 (12)% [MS00]
6 576 (12)%
6 576 (1234)3+ [AGO03]
5 1280 Aff(5,2) [AGO3]
5 1280 Afi(5,3) [AGO03]
7 326592 Aff(7,3) Grana(2002)
7 326592 Afi(7,5) Grafia(2002)
10 8294400 (12)% Grana(2002)
10 8294400 (12)% Grana(2002)
2 dm,m* | B(Vare) | [AG1S]
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® Simple Yetter-Drinfel’d modules over A’]f,’;




. \ . ; L 1
tion of Suzuki Hopf algebra A%

The Suzuki Hopf algebra A%l [Suz98] parametrized by integers N > 1,
n>2and u, A = +1, is generated by x;1, x12, X21, X22 subject to the
relations:

2 _ 2 .2 n _ n n o _ .n
xll_xgz’ X=X Xor = Wi X1 =X

OV +pdY =1, x;jx = 0 whenever i + j +k + [ is odd,

where we use the following notation for m > 1,

m m
m ._ "~ m.,__ "~ N
X11 = X11X22X11 « v v vt s X = X2 X11X22 ..l N
m m
m o ._ = m o ._ ~ - -
X12 = X12X21X12 - v - - s Xop T X210 X12X21 e ee e

The coalgebra structure and antipode of A’](,/L are given by

AW =X ® XN+ X ® X5 8(xij) =6y, S = x

(JXNU)



Yetter-Drinfeld modules

Yetter-Drinfeld modules over H:
(M, ) is a left H-module and (M, p) is a left H-comodule, subject to:

p(h-m) = haym_S (hz)) ® hoy - m@), Ym € M,h € H, (1)
where p(m) = m_1) ® my).
Denote the YD-mod category 2YD, BYD =~ ey M
Radford’s construction: V is a left H-mod, then VR H € ny).

h-(trg) = (hp)- ) ®h1gS (ha)), (2)
p(E®B) = hy ® (C® hy),Vh, g, € H L€ V. (3)

Any simple YD-mod is a submodule for some V& H.
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. . A
Simple Yetter-Drinfeld modules over Ay with n even

Theorem 3 (| )i

A full set of non-isomorphic simple Yetter-Drinfeld modules over Aﬁ/ﬂzn is
given by the following list.

©® There are 8N? non-isomorphic Yetter-Drinfeld modules of dimenion
°c 'Q{ifk,p’ i,peZy, s€1,N, keO,N -1,
® ,ini_*_]kyp, i,p€Zy, s€1,N, keO,N—1.
3 3 . N st st St st St St
dimension two: %5, €5 » L 0 €k p gﬂ{’p, T3 ,injk’p.

one:
® There are 2N?(4n” — 1) non-isomorphic Yetter-Drinfeld modules of
® There are N2 non-isomorphic Yetter-Drinfeld modules of dimension

2n:
°© psjk,j=20r4,k€O,N—1,pEZz7SEI,N;
lor3, ifa=-1 _ —
° XS | j= ’  keO,N-1,peZ, sel,N.
K J {20r4, ifa=1, T PEE S
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Simple Yetter-Drinfeld modules over Aﬁ:,’}l with n odd

Theorem 4 (| D

A complete set of simple Yetter-Drinfeld modules over the Suzuki Hopf

1
algebra AL .|

® There are 8N? pairwise non-isomorphic Yetter-Drinfeld modules of
dimenion one:
* A se€lN,ke02N-1, peZ;
* B, se,N,k€0,2N -1, p e Z,.

is given as follows.

® There are 8N?n(n + 1) pairwise non-isomorphic Yetter-Drinfeld

modules of dimension two: C% D% ES  F% G  HS  I%
Jk.p? = jkp? " jkp’ T kp’ Tkp’ 77 jkp’ ~ jkp’

® There are 8N? pairwise non-isomorphic Yetter-Drinfeld modules of
dimension 2n + 1:
° L, s€ LN keO,N-1, p,qgeZ;

* N;,,s€ LN, keO,N-1, p,q € Z.
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. . . . pl
® Finite dimensional Nichols algebras over Aﬁm




The definition of Nichols algebra

Definition 5

Let H be a Hopf algebra and V € 2YD. A braided N-graded Hopf

algebra R = (P, R(n) € 7Y D is called the Nichols algebra of V if
(i) K~R(0), V=~R(1) e YD,

(i) RO =PR) ={reR | Ax() = r® 1+ 1 7).

(iii) R is generated as an algebra by R(1).

In this case, R is denoted by B(V) = 5

B(V).

n>0

The Nichols algebra B(V) is completely determined by the braiding.
B(V)=koVe PV kerS, = T(V)/ ker &,
n=2
where &, € Endg (Ve*V), &, € Endg (V*"),

Supi=id+cyp+cuCpot + -+ CuCpmr -0y =1d + ¢, 6,211,

S =id, Gy =id+ec, G, :=(6,0;®id)S, ;.
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Let B(V) be a Nichols algebra of diagonal type, i.e., V is of diagonal type
with braiding matrix (g;;), c(v; ® v;) = g;jv; ® v;. For diagonal B(V) with
braiding matrix (¢;j).x» We associate a generalized Dynkin diagram: this
is a graph with n vertices, where the i-th vertex is labeled with ¢; for all
1 <i < n; further, if g;;q; # 1, then there is an edge between the i-th and
J-th vertex labeled with g;;q;;.

% % resp. ( )—(”qﬂ )

Figure: g;jq;; = 1 resp. qijq; # 1

Recall that V resp. B(V) is called of Cartan type, if there is a

aij

generalized Cartan matrix (a;;) such that g;;q; = ¢q;;”.

q q_l q q
O O O ........... () ()

Figure: generalized dynkin diagram for Cartan type A,
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Theorem 6 ([ 5 ),

Let M be a simple Yetter-Drinfeld module over A’;\,i If B(M) is of
diagonal type and dim B(M) < oo, then B(M) can be classified as follows.

® Cartan type Aj;
® Cartan type A| X Ay;

® Cartan type Ay, $ 1 8 ,q#1;
=ll =il -1 -1 =il -1
@ Cartan type Ay XA, o ————— o o———— 0 ;
® Super type Ax(:l), © ———— 0, g # +I;
= { =
® The Nichols algebra ufo(8), ¢ —— o , £ € Gy,.
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F.d. Nichols algebras of non-diagonal type:
® Dimension 12

® Dimension 64

4m, b2 +ae,b=—1,ae € G,,

m2, b + ae,ae = 1,b € G, for m > 2,
® dimB(Vyp,) =< oo, ae £ b* = (ae)™',b € G, for m > 3,

0o, b ¢ G, for m > 2,

unknown, otherwise.
Unsolved cases for Nichols algebras over simple YD-modules:
@ The unknown cases for B(Vp.);
® The unknown cases for B (Jfﬂip), n>2;

® The unknown cases for B (L}lpq);

@ The unknown cases for B (N,ipq).

Those unsolved cases were proposed as open problems.
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_ Nichols alzebras |
Let Ve = kvy @ kv, be a vector space with a braiding given by
c(vi®vy) = avy ® vy, c(vi ® ) = bvi @ vy,
c(vr ®vy) = bvy @y, c(va®wv) =evi ®vy,

then the braided vector space (Vgpe, c) is of type V. The braided vector
space Vape = Viep1 via vy > Vevy, vy 5 vy,
When ae = b?, then V. is of diagonal type and

4, b =-1,(Cartan type A; X Ay),
dim B(Ve) =9 27, b =1 # b, (Cartan type A»),
oo, otherwise.

When ae # b?, according to [AG18] and [Shi20, Shi21], we have

4m, b=-1,ae€G,,
m2, ae=1,be G, form=> 2,

dim B(Vpe) = { o0, b* = (ae)™',b € G, for m > 3, (4)
00, b¢ @G, form>?2,

unknown, otherwise,
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. 7 .
Prove dm 8B(V,,,) =m~ in case ae = 1,b € G,,, m > 2

Proof sketch 1: Let V = {1,2}, V" = {ijiy---i, | i; € V,1 < j < n}. There is
an action of S, on V" as follows

i1 i1 PQigsa - iy, pg =12 or 21,
Sgc @y k1 PGlpe2 - 00) = T k-1220k40 - By pg =11,
iy ikt iy -+ iy, pg =22.

Theorem 7 (The orders of orbits of V* forms a Pascal’s triangle)

v =0(2")e é [o(22"Penf)eo (12 P2,
k=1
V2n+1 — é} [O (22(n—k)+1(12)k) ® o) (12(n—k)+1(21)k)] ,
k=0

2k kY | _ [ 21 2n=k+1 vk | _ (21 + ]
lo(2* >(12))|—(n_k), o(2* >1(12))|_(n_k).

August 24, 2021 19/36
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Proof sketch 2: Since Ve = Viep1, we suppose a = e = 1.
62(\/%) = V% + v% = 62(\}%), 50 G,(vy) = S,(vy) for any y € O(x) C N".

(0),

(D0, (0D,

@0, (DD, O

(3),0), @), D2, (0,3,

@0, \ 3D, @2,  1),3), (0,4,

(5,0, @D, N\ 3,2, 2,3, W@, (05,

©,0, D), @2, N\ 3),3), @@, 1D,  (0),6),

Figure: coefficients of the braided symmetrizer’s action on the basis of B (Vi)
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Proposition 8 (|

Suppose ae # b*> = (ae)”' and b € G,, for m > 3, then

dim B(Vpe) = 0.

Proof sketch: Dy, is dihedral group of order 4n. By Masuoka’s result,

At D
LYD — " YD
1

ALY
B(Vape) - B(M), diagonal type, it’s dimension is 4 or oo

Vibe € gi’iyl) with ae # b> = (ae)™'. Only need to prove that b can be
1n
any primitive m-th root of unity.
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Nichols algebras of dimension 64: the case B (f

® Whenn>2, 938 (Jpsjk) is of rack type D, so dim B (/;jk) = 00.

64, (_1)pw4k(2s+l) — _1’

® When n =2, dim8 (7)) = { co, otherwise.

® Whenn=2,93 (J;jk) =~ B(Dy4, ¢g), where Dy is dihedral rack.
According to [HV17b], dim B(Dy, ¢;) < co implies dim B(Dy, ¢,) = 64.

® A rack is a pair (X,>), >: X X X — X such that ¢, = x> is
bijective, and x > (y > z) = (x >) > (x > z) for Vx,y,z € X.

® Dihedral rack D, ={d; | i € Z,}, d; > d; = do;_;.

® A rack X is of type D if there exist a subrack ¥ = § U T such that
s> (> (s>1)#¢t, for someseS,teT.
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Suppose n = 2 and (=1)?w**D = —1, and denote a = W®"5 = = 8ks+D
b = w*N = +1. Then the braiding of .% i 18 given by

c(wi ®@wy) = —w; ® wy, c(w1 ® wp) = —bwp @ wy,

c(wy @ wy) = —bwi ® wy, c(Wwr @wWr) = —wy @ W,

c(wy ®@my) = amp @ wy, c(w ®my) = a'm @wy,

c(wy @ my) = dabm, @ wy, c(wy, @ mp) = Aa~ bmy @ wy,

c(m @my) = —my @ my, c(my @ my) = —Abmy @ my,

c(mr @ my) = —Abmy @ my, c(mr @ my) = —my @ my,

c(m; ®wy) = aw, @ my, c(m; @ wy) =a'w ®@my,

c(my @ wy) = abw, @ my, c(my @ wy) = a_lbwl ® my.

W, = kw; ® kw, is Cartan type A; X Ay,
W, = kmy @ km, is Cartan type A; X Ay,

54 ;jk = W, & W, as braided vector spaces.

Yuxing Shi (JXNU)



L Nichol alzebras
The relations of the 64-dimensional Nichols algebra B (‘ﬂ;jk) is given by

wiws + bwow; = 0, W,Z 0

mymy + bmom; =0, ml~2=0, iel,2,
2 _

wimy — amow; + a“bwomy, — amiw, = 0,

wimy —a ‘mywy + wam, — abmow, = 0;

If b = -1, x* = —a?, then

[(W1 + xwa)(my + xmp)]* + [(my + xmp)(wy + xwa)]* = 0;

If b=1, then

X
(w1 + xwy)(my + xmy) — —(my + xmy)(wy + xwy) =0, X = 02,
a

(w1 + xw2)(ymy + zm2)]* + [(ymy + zma)(wy + xwr)]* = 0,¥x,y,z € k.

In this case, it’s of Cartan type A, X A,, see Milinski-Schneider [MS00].
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Nichols algebras of dimension 64: the case B ( i p)

Suppose (—=1)?a*w®" = —1, 21 = 1, then dim B (Ji/ﬂi p) =64 for n = 2.

Let a = @?w'%*" b = w¥N = +1. The braiding is given by

c(wy ®@wy) = —w; @ wy, c(w; ®@wy) = —wr @ Wy,
c(w; ®@w3) = —w3; @ wy, c(w; ®@wy) = —wy @ wy,
cwr @wy) = —a ' ws @ wy, cOwr @ wr) = —a”'bws @ wy,
c(wy @ w3) = —bw| @ wy, c(Wy @ Wy) = =Wy @ Wy,
c(w; ®@wy) = —w; @ ws, c(w; ®@wy) = —w,r @ Wy,
c(ws @wz) = —w3 @ wa, c(Ws @ wy) = —wy @ wa,
c(wy @ wy) = —bwz @ wy, c(wy @ W) = =Wy @ Wy,
c(wy ® w3) = —aw; @ wy, c(ws @ wy) = —abw, @ wy.

Wi = kw; @ kw; is Cartan type AL XA, Wy =kwy@kwy = V4,

Ay, = Wi @ W; is non-group type (Not checked strictly!)
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Nichols algebras of dimension 64: the case B (/”{/ﬂ:p)

The relations of the Nichols algebra 8 (,/“i/ﬂip) of dimension 64:

w% =0, w% =0, wiws+wsw; =0,
2 b,
wows =0, wawy =0, w;+-w; =0,
a

Wiws + wawy +a 'wywyg + @ 'waws = 0,
Wiws + wawy + bwswy + bwows = 0,

WIWaW3wyg = adwrwiwowi.

[(wi + xw3)(ywa £ wa)* + [(ywa = wa)(w; + xw3)]* = 0,

[Cewy + w3)(ywa £ wa)* + [(wa + wa)(xw +w3)]* = 0,

for any x € k, y* = ab.
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Whenn=1, p=1, k=0, then dim B (L,‘("pq) = 12. It is generated by m,
my, mz and with relations

m3my = mms — mymy, MoM3 = —m My + mymy, ml2 =0 Viel,3. (5)

When n = 1, the braiding of B (L,ipq) is given by

C(m] ®m1) — (_1)pw2k(2n+])(25—1)m1 ®m1,

C(m1 ®m2) — w4k(2n+1)(s—1)m3 Qmy,
cimy @ m3) = WSy @ my,
C(m2 ® ml) — (_l)prk(2n+l)[l+2(X—2)]

C(m2 ® m2) — (_1)pw2k(2n+])(25—1)m2 ® ms,

m3 ® my,

C(m2 ® m3) — (_1)pw2k(2n+1)(1+2.¥)m1 ® m2,
c(ms @ my) = w* DD @ me
c(my @ my) = W* @S, @ m,

c(mz ® m3) = (=1)P DDy @ my.
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Lemma 13

Whenn=1=pyu,k=0,q=1, then dim%(Nks’pq) = 12. It is generated by

w1, wa, ws and with relations:

Wi+ (=1)Pwaws + (=1)Pwawy =0, w3 =0, (6)

wiwy + l(—l)”w% +wow; =0, wiwz3 =0, wzw; =0. (7)

When n = 1, the braiding of B (N,ipq) is given by

c(wi ®wy) = (—1)p+qus_1W2 ® ws, c(wi ®wy) = /l(—l)pﬂles_le, ® ws,

c(wi @ ws) = (=1)B*"w; @ ws, cwr ®wy) = (=1)1B*w; @ wy,
(w2 ®w2) = (=1)TB**?wy @ wa, cwy ® w3) = (=1)1B** w3 @ wa,
cws ®@wi) = (=DIB** 2wy @ wy, c(w3 ® wy) = (=1)PTB> P w @ wy,
c(ws @ ws) = A(=1)P*1B> Sy, @ wy, B = i @D,

August 24, 2021



Theorem 14

Finite dimensional Nichols algebras over Ai’;, associated with simple

Yetter-Drinfeld modules, can be classified as follows.
2, ifd=1,s=1,k=0,p=1,
4, ifA=-1,5s=1,k=0,p € Z,.

o dim%(%,f’p)z{
(2] dlm%(%”) 4incase A=1=s,1t=0, (p,k) =(0,1) or (1,0).
gdlm%( )—12incases=p=1,k=0,quz.
gdim%(%

q)—12incases=q=1,k=0,p€Zz.
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@ Braidings of unsolved cases




aiding of B (%/ >

’jk-p)

Let

b+2a-2=2nr+d, reN, 0<d<2n-1,
2n+1—-b+2a—-2=2ne+f, e€N, 0<f<2n-1,

then the braiding of 7  is given by

c(w, ® wyp)

s
(=17 (™) wp ® w,
(_ 1)p/lrl—1s+n(r—2) w2n(r—2)(4nk+jN)+8nksW2n ® Wan—as2s
(_ 1)pﬂr+ll—ls+n(r—1)wZn(r—l)(4nk+jN)+8nksWd ® Wan—as2s

_ s—ne=2+2a .
(=1)P2¢ (™ W N1 @ Wy ai2,

(_1)],/1”1 (ﬁwgnk)s—n(e+l)—2+20
I Wonsrl—f @ Wan—a+2,

Yuxing Shi (JXNU)

a=1,
a>1,d=0,2|(a+Db),
a>1,d>0,2|(a+Db),

a>1,f=021(a+b),
a>1,f>0,21(a+b).
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aiding of B (L“‘ )

k,pq

The braiding of B (L;,pq) can be described as follows.

® When2 ¢t (a+b),let b+2a—-1)=dR2n+1)+r,de N, re0,2n. Then

WD e d =0,

WDy @m, d=1,r=0

cmg @my) = (=P DR6—atn -, @m, d=1,r+0,
(_1)prk(ZnJr1)[2(sfa)+4n+1]m] ® my, d= 2’ r= 0,

Wk D=+t @ g =D 2 (),

® When2|(a+b),let2a—1=b+dR2n+1)+r,deN, re0,2n. Then

w4k(2n+l)(s+a—l)mb_(2a_1) ® my, 2a—-1< b,
C(ma ® mb) — (_1)pw2k(2n+1)[2(s—a+b)—1]m2a_b ® my, d= 0,
w4k(2n+1)[s—a+b+r]m2n+]_r Q my, d=1.

B (L,ipq) is of rack type. When n = 1, the associated rack is the dihedral
rack Ds.
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aiding of B (N s )

k,pq

Y . s s s K y —
Define R : Nk,pq ® N, ipg N, ipg © N, % pa such that R”(w, ® wg) =

Wgiy ® Wop_gs2, B+y <2n+1,
1
(=P A2 0* P v @ Woy—gi2, B+y =2n+2,

i 2y+B)—4n—3 S
(-D)P2A [yéaﬂk@”*“] Wans3—y-p ® Wan_as2, B+7y €2n+3,4n+2,
_1 4n+2
7 [ﬂszk(Z"H)] WiiBey—@dn+3) ® Won—qs2, B+7y =4n+3,
Y. K s s s
and L” : N, kpg ® N, opg N, kpg ® N, [ such that
2
[ﬁ% w2k(2”+l)] 4 Wp—y ® Wop—q+25 Y < ﬂs
_1 2p-1 —
L' (wy ® W,B) — (=D [/12 w2k(2n+1)] Wyp+1 @ Wop—q+2, Y € B,B + 2n,
@ - 28
7 [ﬂ%wzuznm] Wonsl ® Wop—as2, Y =B+2n+1,

1 2(y—2n-1)
/l[ 2 w2k(2n+l)] Win+2+48-y R Wop—q+2, Y > ﬂ +2n+ 1.
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The braiding of B (N )

k,pq

The braiding of 23( kpq) can be described as follows.

® When a =n+1, then

2k(2n+1)]2(“”’1)

c(we ® wg) = (=1)1 [ 2 Wg ® Wan—g+2;

® Whena<n+1,a+8=0 mod 2, then

1 22a+s—n-2) _
c(Wa ® Wp) = (- l)q[ ! 2k(2n+1)] 120 a+1)(wa & wp):

® Whena>n+1,a+8=1 mod 2, then

2(s+n)
c(wa ®wp) = (=17 [a2 ™D L2070, @ wp);

® Whena<n+1,a+B=1 mod 2, then

2a+s—n-2)
c(Wy ®Wp) = (-1)7 [ﬂ%w2k(2n+1)] +s—n RZ("_”“)(WQ wp);

® Whena>n+1,a+8=0 mod 2, then

1

1 2(s+n) 1
c(Wa ® wp) = (=1)7 [ ] 2k(2n+1)] Ra-1 n)(Wa ® wp).
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