
Representations
of small

quasi-
quantum

group
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Motivation

1. We have studied Representations (Green rings) of Drinfeld dou-
bles of Taft algebra.
[ H. Chen, Comm. Algebra 33(2005) no 8, 2809-2825]
.
......uq(sl2) ∼= D(Hn(ω))/I as Hopf algebras.

2. We have studied Representations (Green rings) of Small Quan-
tum Group.
3. Yang and Zhang constructed a class of finite-dimensional quasi-
Hopf algebras from AS Hopf algebras, in particular, small quasi-
quantum groups.
[Y. Yang and Y. Zhang, arXiv:1706.08446vl[math.QA]26 Jun 2017]
Quasion: What is relation between the representation categories
of small quantum group and small quasi-quantum group?
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ũq(sl2)

孙华 (扬州大学)

Contents

Motivation

Small quasi-
quantum
group
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Green ring

Let H be a quasi-Hopf algebra.
.Green ring
..

......

The Green ring r(H) is the abelian group generated by the isomor-
phism classes [M] of M in modH modulo the relations [M ⊕ V] =
[M] + [V], M,N ∈ modH. The multiplication is given by tensor
product: [M][V] = [M ⊗ V], where modH denotes the category of
finite dimensional left modules over H.

.

......

r(H) is an associative ring with 1 = [k], which is a free abelian group
with a Z-basis {[V]|V ∈ Ind(H)}, where Ind(H) is the category of
finite dimensional indecomposable H-modules.
.
Stable Green ring
..

......

Recall that the stable module category modH is the quotient cat-
egory of modH modulo the morphisms factoring through the pro-
jective modules. The Green ring of the stable module category
modH, denote rst(H), is called stable Green ring of H. Z-basis
{[V]|V ∈ Ind(H)/Indp(H)}
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The quantum enveloping algebra Uq(sl2)

• k: an algebraically closed field.
• q ∈ k, q ̸= ±1.
The quantum enveloping algebra Uq = Uq(sl2) is generated, as an
algebra, by E, F, K and K−1 subject to
.

......

KEK−1 = q2E, KFK−1 = q−2F,
KK−1 = K−1K = 1, [E,F] = K−K−1

q−q−1 .

Uq is a Hopf algebra with ∆, ε and S given by
.

......

△(K) = K ⊗ K,△(E) = E ⊗ K + 1⊗ E,△(F) = F ⊗ 1 + K−1 ⊗ F,
ε(K) = 1, ε(E) = ε(F) = 0,

S(K) = K−1, S(E) = −EK−1, S(F) = −KF.
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Small quantum group uq(sl2)

Suppose that q is a root of unity with m = |q| > 2. Put

n = { m, if m is odd,
m
2 , if m is even.

.

...... uq(sl2) := Uq(sl2)/(Kn − 1,En,Fn) =: Uq.

[G. Lusztig, J. Amer. Math. Soc., 1990, 3(1): 257-296].

.

......

When m = 2n is even,

Uq(sl2) := Uq(sl2)/(K2n − 1,En,Fn).

[R. Suter, Comm. Math. Phys., 1994, 163(2): 359-393]
[J. Xiao, Can. J. Math., 1997, 49(4): 772-787]
[H. Kondo and Y. Saito, J. Algebra, 2011, 330: 103-129]
[D. Su and S. Yang, J. Math. Phys. 58 (2017), 091704]
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Small quasi-quantum ũq(sl2)

Let n > 2 and d be two positive odd integers, q a primitive n-th
unity, and let I be the ideal of Uq(sl2) generated by En, Fn and
Kdn − 1.
.

...... ũq(sl2) := Uq(sl2)/I =: Ũq

In particular, let n = d, we have
.

...... ũq(sl2) := Uq(sl2)/(En,Fn,Kn2

− 1) =: H

For any 0 6 i 6 n2 − 1. Let

1i =
1

n2

n2−1∑
r=0

qirKr,

where a q is primitive n2-th root of unity such that qn = q.
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ũq(sl2)

孙华 (扬州大学)

Contents

Motivation

Small quasi-
quantum
group
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...... ũq(sl2) := Uq(sl2)/I =: Ũq
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Small quasi-quantum ũq(sl2)

The comultiplication
∆(K) = K ⊗ K,

∆(E) = (E ⊗ 1)(T1 ⊗ Kn2−n + T2 ⊗ 1) + K ⊗ E,

∆(F) = (F ⊗ 1)(T3 ⊗ Kn2−1 + T4 ⊗ Kn−1) + 1⊗ F,

where
T1 = 10 + 11+, · · · , 12n−1,

T2 = 12n+, · · · , 1n2−1,

T3 = 10 + 11+, · · · , 1n2−2n−1,

T4 = 1n2−2n + 1n2−2n+1, · · · , 1n2−1.

Moreover, we have

T1 + T2 = 1, T3 + T4 = 1.

Liu constructed small quasi-quantum Quq(sl2).
[G. Liu, Math. Res. Lett 21 (2014), 585-603.]
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H = ũq(sl2)

Modules over
H

Tensor
products of
Indecompos-
able
H-modules

Next work
and
References

Small quasi-quantum ũq(sl2)
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Simple module of H

We consider the finite dimensional representations of H.

For any integer 1 6 l 6 n, let Vl be a vector space of dimension
l with a k-basis {m1,m2, · · · ,ml}. Then one can easily check that
Vl is an H-module with the action determined by:

Emi =

{
mi+1, 1 6 i < l,
0, i = l, Fmi =

{
0, i = 1,
βi−1(l)mi−1, 1 < i 6 l,

Kmi = q2i−l−1mi, 1 6 i 6 l,

where βi(l) =
(i)q2 (q

−2i+l+1−q1−l)

q−q−1 , 1 6 i < l.

.Lemma..

......For any 1 6 l 6 n, Vl is a simple H-module.
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Simple module of H

For any 1 6 t 6 n − 1 and r ∈ Z, let V(t, r) be a vector space of
dimension n with a k-basis {v1, v2, · · · , vn}. Then one can easily
check that V(t, r) is an H-module with the action determined by:

Evi =

{
vi+1, 1 6 i < n,
0, i = n, Fvi =

{
0, i = 1,
γi−1vi−1, 2 < i 6 n,

Kvi = qtq2(r+i−1)vi, 1 6 i 6 n.

where γj =
1

q−q−1 (q−t q−2r−q−2(r+j)

1−q−2 − qt q2r−q2(r+j)

1−q2 ) ̸= 0 for 1 6 j 6
n − 1.
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Simple module of H

.Lemma..

......

Let 1 6 t 6 n − 1 and β ∈ Z. Then V(t, β) is a simple H-
module. Moreover, if β ≡ r (mod n) with 0 6 r 6 n − 1, then
V(t, β) ∼= V(t, r).

.Theorem..

......
Let V be a simple H-module. Then V is isomorphic to Vl or V(t, r)
for some 1 6 l 6 n, 1 6 t 6 n − 1 and 0 6 r 6 n − 1.

.Theorem..

......
{Vl,V(t, r)|1 6 l 6 n, 1 6 t 6 n − 1, 0 6 r 6 n − 1} is a representa-
tive set of isomorphic classes of simple H-modules.
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Simple module of H

.Lemma..

......

Let 1 6 t 6 n − 1 and β ∈ Z. Then V(t, β) is a simple H-
module. Moreover, if β ≡ r (mod n) with 0 6 r 6 n − 1, then
V(t, β) ∼= V(t, r).

.Theorem..

......
Let V be a simple H-module. Then V is isomorphic to Vl or V(t, r)
for some 1 6 l 6 n, 1 6 t 6 n − 1 and 0 6 r 6 n − 1.

.Theorem..

......
{Vl,V(t, r)|1 6 l 6 n, 1 6 t 6 n − 1, 0 6 r 6 n − 1} is a representa-
tive set of isomorphic classes of simple H-modules.
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Indecomposable modules over H

For any 0 6 i 6 n − 1, let

ei =
1

n

n−1∑
t=0

qtiKtn.

Then {ei|0 6 i 6 n− 1} is a set of orthogonal central idempotents,
and

∑n−1
i=0 ei = 1. Thus,(as algebras)

.

...... H ∼= He0 × He1 × · · · × Hen−1.

.Lemma..

......

For 0 6 i 6 n−1, Hei is generated, as an algebra, by Ei = Eei,Fi =
Fei,Ki = Kei,K−1

i = K−1ei subject to following relations

KiEiK−1
i = q2Ei,KiFiK−1

i = q−2Fi, [Ei,Fi] =
Ki − K−1

i
q − q−1

.

KiK−1
i = 1,En

i = Fn
i = 0,Kn

i = qn−iei
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Indecomposable modules over H

In particular, He0 is isomorphic,(as algebra) to the small quantum
group Uq.

.Proposition

..

......
Let M be an H-module. Then M ∈ IndH if and only if there exists
an 0 6 i 6 n − 1 such that M ∈ IndHei..

.
Corollary
..

......
Let M be an H-module. Then M is a simple H-module if and only
if there exists an 0 6 i 6 n−1 such that M is a simple Hei-module.

In fact, one can check that

{Vl|1 6 l 6 n} → He0

{V(t, r)|1 6 t 6 n − 1, 0 6 r 6 n − 1} → Hei with i ̸= 0
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Indecomposable modules over H

Hei has a k-basis {Ej
iF

l
iKt

i|0 6 j, l, t 6 n−1}. For any 0 6 i 6 n−1
and 1 6 j 6 n, let

Ti
j =

1

n (
n−1∑
k=0

q((j−1)n+i)kKk
i ).

Then {Ti
j|1 6 j 6 n} is a set of orthogonal idempotents of Hei, and∑n

j=1 Ti
j = ei.

Hence, (as Hei-modules) we have
.

...... Hei = ⊕n
j=1HeiTi

j.

One can check

KiTi
j = q(1−j)n−iTi

j and K−1
i Ti

j = qi−(1−j)nTi
j.

Thus, HeiTi
j has a k-basis

{Es
i Fl

iTi
j|0 6 s, l 6 n − 1}.
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Indecomposable modules over H

For any 1 6 i 6 n − 1, 1 6 j,w 6 n and 1 6 s 6 w, define aij
ws ∈ k

by aij
ww = 1 for 1 6 w 6 n,

aij
w1 =

q2(w−1)q(1−j)n−i − q2(1−w)qi−(1−j)n

q − q−1
̸= 0,

and aij
ws = aij

w1 + aij
w−1,s−1 for 2 6 w 6 n and 2 6 s 6 w − 1.

For any 1 6 w 6 n, we define
.

......
Aij

w =
w−1∑
r=0

r∏
t=0

aij
w,w−tEw−1−r

i Fn−1−r
i ∈ Hei.
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Indecomposable modules over H

.Proposition

..

......

Let 1 6 i 6 n − 1, 1 6 j,w 6 n. Then the Hei-submodule ⟨Aij
wTi

j⟩
of HeiTi

j generated by Aij
wTi

j is isomorphic to V(n − i, r).

Note that: r = n+2w−j
2 for 2w − j being odd, and r = 2w−j

2 for
2w − j being even, where 2w−j ≡ 2w − j (mod n), and 0 6 2w − j <
n.

.Proposition

..

......

Let 1 6 i 6 n − 1, 1 6 j 6 n. Then the sum ⟨Aij
1 Ti

j⟩ + ⟨Aij
2 Ti

j⟩ +
· · · ⟨Aij

nTi
j⟩ is direct. Moreover, we have

HeiTi
j
∼= ⊕n−1

r=0 V(n − i, r).
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Indecomposable modules over H

.Corollary

..

......For any 1 6 i 6 n − 1, Hei is a semisimple algebra.

.Corollary

..

......
Let 1 6 t 6 n − 1 and 0 6 r 6 n − 1. Then V(t, r) is a projective
simple H-module.

In what follows, we only need to investigate indecomposable He0-
modules.

He0 ∼= Uq as algebras
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Indecomposable modules over H

.n is odd...

......

Simple modules: Vl, 1 6 l 6 n.

Projective modules:

Pl := P(Vl), 1 6 l 6 n − 1, Pn = Vn.

String modules:

Ω±sVl, s > 1, 1 6 l 6 n − 1.

Band modules: Ms(l, η) 1 6 l 6 n − 1, s > 1, η ∈ k.

For the definition of String and Band modules, refer to
[Karin. Erdmann, Block of Tame Representation type and Related
Algebra ]
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Indecomposable modules over H

.

......
String modules : Ω±mVl, where m > 1, 1 6 l < n, Ω is the
syzygy functor and Ω−1 is the cosyzygy functor.

They are obtained from the following two resolutions:

the minimal projective resolutions of Vl
.
......· · · → 3Pl → 2Pn−l → Pl → Vl → 0

and the minimal injective resolutions of Vl
.
......0 → Vl → Pl → 2Pn−l → 3Pl → · · · .
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They are obtained from the following two resolutions:
the minimal projective resolutions of Vl
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......· · · → 3Pl → 2Pn−l → Pl → Vl → 0

and the minimal injective resolutions of Vl
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......0 → Vl → Pl → 2Pn−l → 3Pl → · · · .
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String modules : Ω±mVl, where m > 1, 1 6 l < n, Ω is the
syzygy functor and Ω−1 is the cosyzygy functor.

They are obtained from the following two resolutions:
the minimal projective resolutions of Vl
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Indecomposable modules over H

For any non-projective modules C, we have exact sequence
.
...... 0 → DTr(C) → B → C → 0.

For the definition of DTr(C), refer to
[M. Ausander, I. Reiten, and S. O. Smalω, Cambridge Uni. Press,
Cambridge, 1995.]

Firstly, we have known the structure of M1(l, η). Moreover

DTr(M1(l, η)) ∼= Ω2M1(l, η) ∼= M1(l, η).

Hence we have the next exact sequence
.
...... 0 → M1(l, η) → B → M1(l, η) → 0.

Let M2(l, η) := B.



Representations
of small

quasi-
quantum

group
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For any non-projective modules C, we have exact sequence
.
...... 0 → DTr(C) → B → C → 0.

For the definition of DTr(C), refer to
[M. Ausander, I. Reiten, and S. O. Smalω, Cambridge Uni. Press,
Cambridge, 1995.]
Firstly, we have known the structure of M1(l, η). Moreover

DTr(M1(l, η)) ∼= Ω2M1(l, η) ∼= M1(l, η).

Hence we have the next exact sequence
.
...... 0 → M1(l, η) → B → M1(l, η) → 0.

Let M2(l, η) := B.
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ũq(sl2)

Modules over
H
Simple modules
over H

Indecomposable
modules over H

Tensor
products of
Indecompos-
able
H-modules

Next work
and
References

Indecomposable modules over H

Then
.
...... 0 → Ω2M1(l, η) → Ω2M2(l, η) → Ω2M1(l, η) → 0,

and hence DTr(M2(l, η)) ∼= Ω2M2(l, η) ∼= M2(l, η).
Moreover we have
.
...... 0 → M2(l, η) → M1(l, η)⊕ B′ → M2(l, η) → 0.

Let M3(l, η) := B′.

.Theorem..

......

{Vl,V(t, r)|1 6 l 6 n, 1 6 t 6 n − 1, 0 6 r 6 n − 1} ∪
{Pl,Ω

±sVl,Ms(l, η)|1 6 l 6 n − 1, s > 1, η ∈ k} is a representa-
tive set of isomorphic classes of indecomposable H-modules.
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Then
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...... 0 → Ω2M1(l, η) → Ω2M2(l, η) → Ω2M1(l, η) → 0,

and hence DTr(M2(l, η)) ∼= Ω2M2(l, η) ∼= M2(l, η).
Moreover we have
.
...... 0 → M2(l, η) → M1(l, η)⊕ B′ → M2(l, η) → 0.

Let M3(l, η) := B′.

.Theorem..

......

{Vl,V(t, r)|1 6 l 6 n, 1 6 t 6 n − 1, 0 6 r 6 n − 1} ∪
{Pl,Ω

±sVl,Ms(l, η)|1 6 l 6 n − 1, s > 1, η ∈ k} is a representa-
tive set of isomorphic classes of indecomposable H-modules.
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Then
.
...... 0 → Ω2M1(l, η) → Ω2M2(l, η) → Ω2M1(l, η) → 0,

and hence DTr(M2(l, η)) ∼= Ω2M2(l, η) ∼= M2(l, η).
Moreover we have
.
...... 0 → M2(l, η) → M1(l, η)⊕ B′ → M2(l, η) → 0.

Let M3(l, η) := B′.

.Theorem..

......

{Vl,V(t, r)|1 6 l 6 n, 1 6 t 6 n − 1, 0 6 r 6 n − 1} ∪
{Pl,Ω

±sVl,Ms(l, η)|1 6 l 6 n − 1, s > 1, η ∈ k} is a representa-
tive set of isomorphic classes of indecomposable H-modules.
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Let us return to Uq

Now let E′ = F, F′ = E, K′ = K−1 in Uq. Then, one can describe
Uq as follows. The small quantum group Uq is generated, as an
algebra, by E′, F′ and K′ subject to following relations:

K′E′K′−1 = q2E′, K′F′K′−1 = q−2F′,

[E′,F′] =
K′ − K′−1

q − q−1
, K′K′−1 = K′−1K′ = 1.

E′n = F′n = 0,K′n = 1

The coalgebra structure is given by

∆(K′) = K′ ⊗ K′,

∆(E′) = E′ ⊗ 1 + K′ ⊗ E′,

∆(F′) = F′ ⊗ K′−1 + 1⊗ F′.
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ũq(sl2)

Modules over
H

Tensor
products of
Indecompos-
able
H-modules
Tensor products
of simple
Hei -module with
indecomposable
He0-module

Tensor products
of Hei -modules
with
Hej -modules

Next work
and
References

Tensor Products of Indecomposable H-modules

Let us return to Uq

Now let E′ = F, F′ = E, K′ = K−1 in Uq. Then, one can describe
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Hence, the coalgebra structure of the small quantum group Uq :

.

......

∆(E′) = E′ ⊗ 1 + K′ ⊗ E′,

∆(F′) = F′ ⊗ K′−1
+ 1⊗ F′.

The comultiplication of small quasi-quantum group H (He0):

.

......

∆(E) = (E ⊗ 1)(T1 ⊗ Kn2−n + T2 ⊗ 1) + K ⊗ E,

∆(F) = (F ⊗ 1)(T3 ⊗ Kn2−1 + T4 ⊗ Kn−1) + 1⊗ F.

Let M,N ∈ IndHe0. Then we have

E(M ⊗ N) = (E ⊗ 1 + K ⊗ E)(M ⊗ N),

F(M ⊗ N) = (F ⊗ K−1 + 1⊗ F)(M ⊗ N).
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Hence, the coalgebra structure of the small quantum group Uq :

.

......

∆(E′) = E′ ⊗ 1 + K′ ⊗ E′,

∆(F′) = F′ ⊗ K′−1
+ 1⊗ F′.

The comultiplication of small quasi-quantum group H (He0):
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Hence, the coalgebra structure of the small quantum group Uq :

.

......

∆(E′) = E′ ⊗ 1 + K′ ⊗ E′,

∆(F′) = F′ ⊗ K′−1
+ 1⊗ F′.

The comultiplication of small quasi-quantum group H (He0):

.

......

∆(E) = (E ⊗ 1)(T1 ⊗ Kn2−n + T2 ⊗ 1) + K ⊗ E,

∆(F) = (F ⊗ 1)(T3 ⊗ Kn2−1 + T4 ⊗ Kn−1) + 1⊗ F.

Let M,N ∈ IndHe0. Then we have

E(M ⊗ N) = (E ⊗ 1 + K ⊗ E)(M ⊗ N),

F(M ⊗ N) = (F ⊗ K−1 + 1⊗ F)(M ⊗ N).
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.Remark..

......

The stable Green ring rst(Uq) of small quantum group Uq is iso-
morphic to stable Green ring rst(Ũq) of small quasi-quantum group
Ũq.

The tensor products of two indecomposable He0(Uq)-modules have
been studied.
[H. Chen, M. Hassan and H. Sun, J. Pure Appl. Algebra, 2017,
221: 4022-4049].

We only need to consider the following tensor products:
(1) Tensor products of simple Hei-modules with indecomposable
He0-modules,1 6 i 6 n − 1.
(2) Tensor products of simple Hei-modules with simple Hej-modules
for 1 6 i, j 6 n − 1.
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.Remark..

......

The stable Green ring rst(Uq) of small quantum group Uq is iso-
morphic to stable Green ring rst(Ũq) of small quasi-quantum group
Ũq.

The tensor products of two indecomposable He0(Uq)-modules have
been studied.
[H. Chen, M. Hassan and H. Sun, J. Pure Appl. Algebra, 2017,
221: 4022-4049].

We only need to consider the following tensor products:
(1) Tensor products of simple Hei-modules with indecomposable
He0-modules,1 6 i 6 n − 1.
(2) Tensor products of simple Hei-modules with simple Hej-modules
for 1 6 i, j 6 n − 1.



Representations
of small

quasi-
quantum

group
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.Proposition

..

......

Let 1 6 l 6 n, 1 6 t 6 n − 1 and 0 6 r 6 n − 1.
(1)If l is odd, then Vl ⊗V(t, r) ∼= V(t, r)⊗Vl ∼= ⊕l−1

j=0V(t, r− l−1
2 + j)

(2)If l is even, then Vl⊗V(t, r) ∼= V(t, r)⊗Vl ∼= ⊕l−1
j=0V(t, r+ n−l+1

2 +
j)

.Proposition

..

......

Let 1 6 l, t 6 n − 1 and 0 6 r 6 n − 1. Then

Pl ⊗ V(t, r) ∼= V(t, r)⊗ Pl ∼= 2⊕n−1
j=0 V(t, j)
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.Proposition

..

......
Let s > 1, 1 6 t, l 6 n − 1, and 0 6 r 6 n − 1. Then

(1) If s and l are odd, then

Ω±sVl ⊗ V(t, r) ∼= V(t, r)⊗ Ω±sVl
∼= (s − l + 1)⊕n−1

j=0 V(t, j)⊕ (⊕06j6n−1,j ̸=r ⊕l−1
j′=0 V(t, j − l−1

2 + j′))

(2) If s odd and l even, then

Ω±sVl ⊗ V(t, r) ∼= V(t, r)⊗ Ω±sVl
∼= (s − l + 1)⊕n−1

j=0 V(t, j)⊕ (⊕06j6n−1,j ̸=r ⊕l−1
j′=0 V(t, j + n−l+1

2 + j′))
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(3) If s even and l odd, then

Ω±sVl ⊗ V(t, r) ∼= V(t, r)⊗ Ω±sVl
∼= s ⊕n−1

j=0 V(t, j)⊕ (⊕l−1
j=0V(t, r − l−1

2 + j))

(4) If s and l are even, then

Ω±sVl ⊗ V(t, r) ∼= V(t, r)⊗ Ω±sVl
∼= s ⊕n−1

j=0 V(t, j)⊕ (⊕l−1
j=0V(t, r + n−l+1

2 + j))

.Proposition

..

......

Let s > 1, 1 6 l, t 6 n − 1, 0 6 r 6 n − 1 and η ∈ k. Then

Ms(l, η)⊗ V(t, r) ∼= V(t, r)⊗ Ms(l, η) ∼= s ⊕n−1
j=0 V(t, j)
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..

......

Let 1 6 t, t′ 6 n − 1 with t + t′ ̸= n, and 0 6 r, r′ 6 n − 1.
(1) If t + t′ < n, then V(t, r)⊗ V(t′, r′) ∼= ⊕n−1

j=0 V(t + t′, j)
(2) If t + t′ > n, then V(t, r)⊗ V(t′, r′) ∼= ⊕n−1

j=0 V(t + t′ − n, j)

.Theorem..

......

Let 1 6 t, t′ 6 n − 1 with t + t′ = n, 0 6 r, r′ 6 n − 1, and let
r + r′ ≡ u (mod n).
(1) If 0 6 u 6 n+1

2 , then

V(t, r)⊗ V(t′, r′) ∼= Vn ⊕ (⊕u6j6 n−1
2

P2j)⊕ (⊕16j6u−1Pn−2(u−j))

(2) If u > n+1
2 , then

V(t, r)⊗V(t′, r′) ∼= Vn⊕(⊕n+1−u6j6 n−1
2

P2j)⊕(⊕16j6n−uPn−2(n+1−u−j))
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Next work

.

......1. Describe the Green ring, stable Green ring.

.

......2. Consider the representations of ũq(sl2) in case d ̸= n.
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ũq(sl2)

孙华 (扬州大学)

Contents

Motivation

Small quasi-
quantum
group
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