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1. We have studied Representations (Green rings) of Drinfeld dou-
bles of Taft algebra.
[ H. Chen, Comm. Algebra 33(2005) no 8, 2809-2825]

ug(sly) = D(Hy,(w))/I as Hopf algebras.




Representatios

quantum
group
ug(sltz)

Contents

Motivation

Motivation

1. We have studied Representations (Green rings) of Drinfeld dou-
bles of Taft algebra.
[ H. Chen, Comm. Algebra 33(2005) no 8, 2809-2825]

ug(sly) = D(Hy,(w))/I as Hopf algebras.

)

2. We have studied Representations (Green rings) of Small Quan-
tum Group.
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2. We have studied Representations (Green rings) of Small Quan-
tum Group.

3. Yang and Zhang constructed a class of finite-dimensional quasi-
Hopf algebras from AS Hopf algebras, in particular, small quasi-
quantum groups.

[Y. Yang and Y. Zhang, arXiv:1706.08446vl[math.QA]26 Jun 2017
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1. We have studied Representations (Green rings) of Drinfeld dou-
bles of Taft algebra.
[ H. Chen, Comm. Algebra 33(2005) no 8, 2809-2825]

ug(sly) = D(Hy,(w))/I as Hopf algebras.

2. We have studied Representations (Green rings) of Small Quan-
tum Group.

3. Yang and Zhang constructed a class of finite-dimensional quasi-
Hopf algebras from AS Hopf algebras, in particular, small quasi-
quantum groups.

[Y. Yang and Y. Zhang, arXiv:1706.08446vl[math.QA]26 Jun 2017

Quasion: What is relation between the representation categories
of small quantum group and small quasi-quantum group?
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Green ring

Let H be a quasi-Hopf algebra.

The Green ring 7(H) is the abelian group generated by the isomor-
phism classes [M] of M in modH modulo the relations [M& V] =
[M] + [V], M, N € modH. The multiplication is given by tensor
product: [M][V] = [M ® V], where modH denotes the category of
finite dimensional left modules over H.
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The Green ring 7(H) is the abelian group generated by the isomor-
phism classes [M] of M in modH modulo the relations [M& V] =
[M] + [V], M, N € modH. The multiplication is given by tensor
o product: [M][V] = [M ® V], where modH denotes the category of
quantum finite dimensional left modules over H.
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r(H) is an associative ring with 1 = [k], which is a free abelian group
with a Z-basis {[V]|V € Ind(H)}, where Ind(H) is the category of
finite dimensional indecomposable H-modules.

a
H-modules

Next work
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The Green ring 7(H) is the abelian group generated by the isomor-
phism classes [M] of M in modH modulo the relations [M& V] =
[M] + [V], M, N € modH. The multiplication is given by tensor
o product: [M][V] = [M ® V], where modH denotes the category of
quantum finite dimensional left modules over H.
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r(H) is an associative ring with 1 = [k], which is a free abelian group
with a Z-basis {[V]|V € Ind(H)}, where Ind(H) is the category of
finite dimensional indecomposable H-modules.

y

Stable Green ring

Recall that the stable module category modH is the quotient cat-

= egory of modH modulo the morphisms factoring through the pro-
References jective modules. The Green ring of the stable module category
modH, denote r5(H), is called stable Green ring of H. Z-basis

{IV]|V € Ind(H)/Ind,(H)}
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The quantum enveloping algebra U, = U,(sl,) is generated, as an
algebra, by E, F, K and K~! subject to

KEK™' = {E, KFK™ ' = ¢ 2F,
KK '=K'K=1, [EF=%K"

q—q!
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) eqgck, g# £1.

The quantum enveloping algebra U, = U,(sl,) is generated, as an

algebra, by E, F, K and K~! subject to

KK'=K'K=1, [EF =K
q9—q

KEK™! = fE, KFK' = ¢ 2F, J

U, is a Hopf algebra with A, € and S given by

AK)=KKAE=ERK+1®EAF)=Fo1+K '®F,
e(K) =1, e(E) =¢(F) =0,
S(K)=K', S(E)=—-EK', S(F) = —KF.
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Small quantum group u,(sls)
Suppose that ¢ is a root of unity with m = |q| > 2. Put

n={ m, if mis odd,
5, if mis even.

ug(sly) = Uy(sl) /(K™ — 1, E", F") =: T,.

[G. Lusztig, J. Amer. Math. Soc., 1990, 3(1): 257-296].



Small quantum group u,(sls)

Suppose that ¢ is a root of unity with m = |q| > 2. Put
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if m is odd,

n={ e
5, if mis even.

ug(sly) = Uy(sl) /(K™ — 1, E", F") =: T,.

[G. Lusztig, J. Amer. Math. Soc., 1990, 3(1): 257-296].

When m = 2n is even,

Uy(sly) := Uy (sly) /(K> — 1, E", F™).

[R. Suter, Comm. Math. Phys., 1994, 163(2): 359-393]
[J. Xiao, Can. J. Math., 1997, 49(4): 772-787]

[H. Kondo and Y. Saito, J. Algebra, 2011, 330: 103-129]
[D. Su and S. Yang, J. Math. Phys. 58 (2017), 091704]
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Let n > 2 and d be two positive odd integers, ¢ a primitive n-th

quantum

S unity, and let I be the ideal of Ugy(sly) generated by E", F" and

ug(sltz)

K% -1

dy(sl) i= Uy(sly)/I=: U,

In particular, let n = d, we have

g(sly) = Uy(sly)/(E", F",K® —1) = H

For any 0 < i< n? — 1. Let

n2—1

i:n2 Zq

where a q is primitive n2-th root of unity such that q" = q.
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AB)=(E@1)(Th @K "+ T, 1)+ K F,
AF)=(FR1)(Ts0 K" '+ T,@ K" 1) +1QF,

where
Ty =19+ 11+, - , 1251,

T, = 12n+, ) 1n2—1)
T3 =1+ ]-1+a T 71n2—2n—17
T4 = 1n2—2n + 1n2—2n+17 Tty 177,2—1-

Moreover, we have

TW+To=1, T3+ Ty =1.
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. The comultiplication
quantum A(K) — K® K,

group
ug(sltz)

AB)=(E@1)(Th @K "+ T, 1)+ K F,
AF)=(FR1)(Ts0 K" '+ T,@ K" 1) +1QF,

where
Ty =19+ 11+, - , 1251,

Ty =1on+,- -+, 12 g,
Ts =10+ 114, - , 129, 1,
I = Ngp_gp 4 Lp—gpang oo o lgp—ic
Moreover, we have

TW+To=1, T3+ Ty =1.

Liu constructed small quasi-quantum Qug(sk).

[G. Liu, Math. Res. Lett 21 (2014), 585-603.]
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quantum We consider the finite dimensional representations of H.
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For any integer 1 < I < n, let V; be a vector space of dimension

I with a k-basis {my, mg,---,m;}. Then one can easily check that
V; is an H-module with the action determined by:
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Emiz{m”'l’ 1<i< Fmi={0 i=1,

‘0, =1, Bi_l(l)mi_l, 1<i<<l
Km,- = qzl_l_lm,-, 1 < Z< l,

—2i+14+1 1—1
gt mh

where ;(1) = @z (a p— y 1<i<d




Representatios
of small
quasi-
quantum
group
ug(sltz)

Contents
Motivation

Small quasi-
quantum
group

ug(slz)

Modules over

H

Simple modules

Tensor
products of
Indecompos-
able
H-modules

Simple module of H

We consider the finite dimensional representations of H.

For any integer 1 < I < n, let V; be a vector space of dimension
I with a k-basis {my, mg,---,m;}. Then one can easily check that
Vi is an H-module with the action determined by:

L m, 1<i<, {0 i=1,
LIS { '0, 1= l, LTS { Bi_l(l)mi_l, 1< l,
Km,- = qzz_l_lm,-, 1 < Z< l,

(1/) 2(q72i+l+1_q17l)

where B;() = —————= ,1<i<lL

For any 1 <1< n, V;is a simple H-module.
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Forany 1 < t< n—1and r € Z, let V(¢,7) be a vector space of
Gontents dimension n with a k-basis {v;, v3, -+, v,}. Then one can easily
Motivation check that V(¢,7) is an H-module with the action determined by:

Small quasi-

quantum

2 W 1<i<n 0 i=1
Modules ove Ev; = G ? Fuv; = ? K
' 0, i =n, Yie1Vim1, 2<i<m,
Sl it Kv; = qtq2(7‘+l 1)1) 1<ign
1 4 g=2r_ g—2(r+i) 2(r+a)
where v; = ———(q 4 e — qtq 7)) #0for 1 <j<
n— 1.

H-module
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Simple module of H

Let 1 < t < n—1 and B € Z. Then V(t,B) is a simple H-
module. Moreover, if f = r (mod n) with 0 < r < n— 1, then
V(t, ) = VIt 7).
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Let 1 < t < n—1 and B € Z. Then V(t,B) is a simple H-
module. Moreover, if f = r (mod n) with 0 < r < n— 1, then
V(t, ) = VIt 7).
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over H
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Let 1 < t < n—1 and B € Z. Then V(t,B) is a simple H-
module. Moreover, if f = r (mod n) with 0 < r < n— 1, then
V(t, ) = VIt 7).
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Let V be a simple H-module. Then V is isomorphic to Vi or V(t,r)
for some1 <I<n, 1<t<n—1and0<r<n—1.

{Vi, V(t, )1 <1< n,1<t<n—1,0< r< n—1} is a representa-
tive set of isomorphic classes of simple H-modules.
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Then {el|0 < n—1} is a set of orthogonal central idempotents,
and Zi:o e = 1. Thus, (as algebras)

HZ= Hey X Hey X --- X He,_1.
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Indecomposable modules over H

Forany 0 < i< n—1,let
ln—l )
ei:E;qutn-

Then {61|0 < n—1} is a set of orthogonal central idempotents,
and Zz TE 1 Thus, (as algebras)

HZ= Hey X Hey X --- X He,_1. J
For0 < i< n—1, He; is generated, as an algebra, by E; = Fe;, F; =
Fe;,, K; = Kel, Ki_1 = K le; subject to following relations
K, — K;!
KEK; ' = CE, KiFiK; ' = ¢ °F;, [B, Fj| = ———.
qa—q

KiK' =1,E = F; =0,K} = ¢" e,
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Proposition
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Let M be an H-module. Then M € IndH if and only if there exists
an 0 < i< n—1 such that M € IndHe;..
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Corollary

o Let M be an H-module. Then M is a simple H-module if and only
PR if there exists an 0 < i < n— 1 such that M is a simple He;-module.
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Indecomposable modules over H

In particular, Heg is isomorphic,(as algebra) to the small quantum
group U,.

Proposition

Let M be an H-module. Then M € IndH if and only if there exists
an 0 < i< n—1 such that M € IndHe;..

o

Corollary

Let M be an H-module. Then M is a simple H-module if and only
if there exists an 0 < 7 < n—1 such that M is a simple He;-module.

4

In fact, one can check that
{Vl|1 <UL n} — Heo

{(Vt,n)l<t<n—1,0<r<n—1} — He; with i A0
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Then {T;”|1 < j < n} is a set of orthogonal idempotents of He;, and
Y Tj= e
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L8 He; has a k-basis {E/FLKY0 < j,l,t <n—1}. Forany 0 < i< n—1
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n—1

| AP
T = E(Z q =Dtk gky
k=0

Then {T;”|1 < j < n} is a set of orthogonal idempotents of He;, and
Y Tj= e

Hence, (as He;modules) we have

He; = @;”leeiT]‘:.

One can check
. N e
KiT]L.:q( Pn "Thand K;' T} = g ( J)nTj%'
Thus, HeiTj‘: has a k-basis

{E}FTj0 < s,1<n—1}.
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Forany 1<i<n—1,1<jw< andléséw,deﬁneafﬂsek
byaww—lforlgwgn,

5 PDgU-Dn—i _ 20-w)gi-(-jn
Small quasi- Ay = —1
ntum qa—q

andaws—aul—i—aw 1egfor2<w<mnand2<s<w—1.

For any 1 < w < n, we define

w—1 r

”—ZHaww BT € He,

=0 t=0
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Indecomposable modules over H

Let1<i<n—1,1<jw< n Then the He;-submodule (A% T?)
of HeiT;: generated by AZ,TJz is isomorphic to V(n — i,1).

Note that: r = %“’_] for 2w— j being odd, and r = 22 for
2w — j being even, where 2w—j = 2w — j (mod n), and 0 < 2w — j <
n.
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Let 1 <i<n-—1,1<jw< n Then the He;-submodule <AZ,T‘>

Contents

of HeiTj‘: generated by AZ,TJ‘ is isomorphic to V(n — i,1).

Totivation

Note that: r = "2“=I for 2w —j being odd, and r = 2% for
2w — j being even, where 2w—j = 2w — j (mod n), and 0 < 2w — j <
n.

Let 1 <i<n—1,1<j< n Then the sum (A;JTD + (AgT") +
(Agfl?) is direct. Moreover, we have

He;T; = O™ V(n—i,r).
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Indecomposable modules over H

For any 1 < i< n—1, He; is a semisimple algebra.
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For any 1 < i< n—1, He; is a semisimple algebra.
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Corollary

For any 1 < i< n—1, He; is a semisimple algebra.
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Corollary

Let 1<t<n—1and 0 < r<n—1. Then V(i) is a projective
simple H-module.

Modules over
H

Simple module

Indecompc
modules o

- In what follows, we only need to investigate indecomposable Hegy-
products of modules.
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Indecomposable modules over H

Simple modules: V;, 1 <I< n.
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Simple modules: V;, 1 <I< n.
Contents Projective modules:
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Pi=P(V),1<1<n—1, P, = V.

String modules:

OV, s>1,1<I<n—1.

H-modules
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Indecomposable modules over H

Simple modules: V;, 1 <I< n.
Projective modules:

P :=P(V), 1<Ii<n—1, P,=V,.
String modules:
OV, s>1,1<I<n—1.

Band modules: M;(,n) 1<i<n—1,s>1,nek

For the definition of String and Band modules, refer to
[Karin. Erdmann, Block of Tame Representation type and Related
Algebra |
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String modules : Q™ V; where m > 1,1 < [ < n, Q is the
syzygy functor and Q7! is the cosyzygy functor.

They are obtained from the following two resolutions:
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String modules : Q™ V; where m > 1,1 < [ < n, Q is the
syzygy functor and Q7! is the cosyzygy functor.

They are obtained from the following two resolutions:

the minimal projective resolutions of V;

=3P = 2P, - P = V=0 J




Representatios
of small
quasi-
quantum
group
ug(sltz)

Contents

Motivation

Indecomposable modules over H

String modules : Q™ V; where m > 1,1 < [ < n, Q is the
syzygy functor and Q7! is the cosyzygy functor.

J

They are obtained from the following two resolutions:

the minimal projective resolutions of V;

o =3P =+ 2P, - P = V=0

and the minimal injective resolutions of V;

0—-Vi—= P —2P,_ ;=3P — .
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0— DTr(C) - B— C—0.

For the definition of DTr(C), refer to
[M. Ausander, I. Reiten, and S. O. Smalw, Cambridge Uni. Press,
Cambridge, 1995.]
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0— DTr(C) - B— C—0.

For the definition of DTr(C), refer to
[M. Ausander, I. Reiten, and S. O. Smalw, Cambridge Uni. Press,

Cambridge, 1995.]

Firstly, we have known the structure of M ([, 7). Moreover

DTr(M;(1,n)) = Q*M(I,n) = My (L, n).




Indecomposable modules over H

For any non-projective modules C; we have exact sequence
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0— DTr(C) - B— C—0. J

For the definition of DTr(C), refer to
[M. Ausander, I. Reiten, and S. O. Smalw, Cambridge Uni. Press,
Cambridge, 1995.]

Firstly, we have known the structure of M ([, 7). Moreover
DTr(My(L,m)) = Q* My (L) = Mi(L,n).

Hence we have the next exact sequence

0 — Mi(Ln) = B— My(,n) — 0. )
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For any non-projective modules C; we have exact sequence
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0— DTr(C) - B— C—0. J

For the definition of DTr(C), refer to
[M. Ausander, I. Reiten, and S. O. Smalw, Cambridge Uni. Press,
Cambridge, 1995.]

Firstly, we have known the structure of M ([, 7). Moreover
DTr(My(L,m)) = Q* My (L) = Mi(L,n).

Hence we have the next exact sequence

0 — Mi(Ln) = B— My(,n) — 0. )

Let My(l,7) := B.
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Then

0 — Q2M,(I,n) = Q*Ms(l,n) — Q*M,(I,n) — 0,
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0 — Q2M,(I,n) = Q*Ms(l,n) — Q*M,(I,n) — 0,

and hence DTr(My(l,n)) = Q> My(l,n) = Ma(l,n).




Indecomposable modules over H

Then

0 — Q2M,(I,n) = Q*Ms(l,n) — Q*M,(I,n) — 0,

and hence DTr(My(l,n)) = Q> My(l,n) = Ma(l,n).

Moreover we have

0 — Ma(l,n) = My(l,n) & B — Ma(l,m) — 0.

Let Ms(l,n) := B'.
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0 — Q2M; (L) — Q2 My(L, ) — Q2 M; (I,m) — 0, )

and hence DTr(My(l,n)) = Q> My(l,n) = Ma(l,n).

Moreover we have

0 — My(l,n) = Mi(Ln) @ B — My(l,7) — 0. )

Let M3(l,n) = B'.

{V, Vit,r))1 < I < nl < ¢t < n—10 < r < n— 1} U
{P, OV, My(Ln)|]l <1< n—1,5> 1,7 € k} is a representa-
tive set of isomorphic classes of indecomposable H-modules.
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Let us return to _U

Nowlet E =F, F =E K =K 'in U Then, one can describe
U, as follows. The small quantum group U, is generated, as an
algebra, by E/, F and K subject to following relations:

KEK™'=¢FE, KFK™'=q?F,

1
B, ] = % KK\ = KK =1,

E"=F"=0,K"=
The coalgebra structure is given by
AK)=K ® K,
AE)=E®1+K®F,
AF)=F @K '+1®F.
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(s 12) A(E)=E®1+KQFE,
AF)=FK '+1aF.

The comultiplication of small quasi-quantum group H (Hep):
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Tensor Product of Indecomposable H-modules

Hence, the coalgebra structure of the small quantum group _Uq :

AE)=FE®1+KQF,
AF)=FoK '+1aF.

The comultiplication of small quasi-quantum group H (Hep):

AB)=(E®1)(Ti @K "+ T,01)+ K F,
AF)=(FOI)Ts@ K" '+ Ty@ K" 1)+ 1@ F.
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of Hence, the coalgebra structure of the small quantum group Uy :
q
quantum

group

(s 12) A(E)=E®1+KQFE,
AF)=FK '+1aF.

The comultiplication of small quasi-quantum group H (Hep):

AE)=(Eo)(Th®K” "+ T,®1)+ K® E,

Tensor

LS AF)=(FRD(Ts@ K '+ T, @ K1)+ 1@ F.

Indecompos-

able
H-modules

Let M, N € IndHey. Then we have
E(M® N)=(E®1+ K® E)(M® N),

FIM®N) = (FRK'+1® F)(M® N).
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The stable Green ring rs(U,) of small quantum group U, is iso-
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The stable Green ring rs(U,) of small quantum group U, is iso-
morphzc to stable Green ring rst( q) of small quasi-quantum group

7,

The tensor products of two indecomposable Heg(U,)-modules have

been studied.
o [H. Chen, M. Hassan and H. Sun, J. Pure Appl. Algebra, 2017,

S 2210 4022-4049].

Indecompos-
able
H-modules




Representatios
of small
quasi-
quantum
group
ug(slz)

Tensor
products of
Indecompos-
able
H-modules
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The stable Green ring rs(U,) of small quantum group U, is iso-
morphzc to stable Green ring rst( q) of small quasi-quantum group
Uq.

The tensor products of two indecomposable Heg(U,)-modules have
been studied.

[H. Chen, M. Hassan and H. Sun, J. Pure Appl. Algebra, 2017,
221: 4022-4049).

We only need to consider the following tensor products:

(1) Tensor products of simple He;-modules with indecomposable
Heg-modules,1 < i< n—1.

(2) Tensor products of simple He;-modules with simple He;-modules
for1<i,j<n—1.
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Tensor Products of Indecomposable H-modules

Let 1<I<n, 1<t<n—1and0<r<n—1.
()If Lis odd, then V,® V(t,1) 2 V(t,1)® Vi = &L V(t, r— 51 1))
(2)If lis even, then Vi@ V(t,1) = V(t, )@ V) = @j;%) V(t, r+ 2=kt 4

9
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Tensor Products of Indecomposable H-modules

Let 1<I<n, 1<t<n—1and0<r<n—1.
(1)If lis odd, then Vi® V(t,r) = V(t,r)® V; = @Jl;(l) V(t,r— 5t +))
(2)If lis even, then Vi@ V(t,1) = V(t, )@ V) = @;;é V(t, r+ o= 4

9

Let 1< t<n—1and0<r<n—1. Then

Pi@ V(t,r) = V(t,n)® PL= 2655 V(t,5)
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Let s> 1,1<t,i<n—1,and 0 < r<n—1. Then
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Let s> 1,1<t,i<n—1,and 0 < r<n—1. Then

(1) If s and [ are odd, then

QF Ve Vit,r) = V(t,r) @ QY
> (s—1+1) @) V(t4) ® (Bogjan—12r Bty V(ti— 5 +7))
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Tensor Products of Indecomposable H-modules

Let s> 1,1<t,i<n—1,and 0 < r<n—1. Then

(1) If s and [ are odd, then

QF V@ V(t,r) = VK, 1) @ QE Y,
= (s—I+1) @5y V(45) @ (Sogjcn—1,jzr Dy

(2) If s odd and [ even, then

QS V@ V(t,r) = V(t,r) @ OV,
= (s—I+1) @5y V(45) @ (Sogjcn—1,j2r Dy

V(tJ_ l21 +J))

V(t]-i—n l+1+])
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O V@ Vit,r) =2 V() QT Y,
s®7 5 V(t,4) @ (@5 V(t,r— 52 + )

Il
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QF V@ V(t, 1) = V(t, 1) @9V,
= s@]@:_ol V(t,j) © (69;;%, Vit,r— Z—Tl +7)

(4) If s and [ are even, then

QFVi® V(t,r) = V(t,r) @ OV,
> @by V(t)) ® (@i Vit r+ 2= + )
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O V@ Vit,r) =2 V() QT Y,
= 3@]@2—01 V(t,j) © (@;;é Vit,r— Z—Tl +9)

(4) If s and [ are even, then

QF Ve Vit r) = V(t,r) @ QY
& s@rg V(b5 @ (@50 VL, r+ 21 + )

Let s>21,1<t<n—1,0<r<n—1 andnek Then

M,(Ln) ® V(t,r) = V(t,1) @ M(ln) = s®F V(1))
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Tensor Products of Indecomposable H-modules

Let 1 < t,¥ <n—1witht+t¢ #mn, and0< 7/ <n-—1.
(1) If t+ ¢ < m, then V(t,r) @ V(¢,r) = &7} V(t+1,))
(2) If t+ ¢ > n, then V(t,7) @ V({,r) = @} V(t+ ¢ — n,j)
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Uq

Modules over

Tensor Products of Indecomposable H-modules

Let 1< t, ¥ <nm—1witht+t¢ #n, and 0 < 7/ <n—1.
(1) If t+ ¢ < m, then V(t,r) @ V(¢,r) = &7} V(t+1,))
(2) If t+ ¢ > n, then V(t,7) @ V({,r) = @} V(t+ ¢ — n,j)

Theorem

Let 1 <t <K n—1witht+t¢ =n, 0< Y <n—1, and let
r+ 1 = u (mod n).
(1) Ifo<u< %‘i, then

V(t,r) @ (¢, 1) 2 Vi, @ (©¢s¢

j n;lPQj) (&) (@1gj<u—1pn—2(u—j))

2

(2) If u> L then

V(t, N@ V(1) 2 Vad®(®, 41— ugjc 251 Poj) D(®1<j<n—uPr2(nt1-ut)

y
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